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INTRODUCTION 

It is well known ([Bi], [BN1]) that the Vassiliev knot invariants (or knot invari- 
ants of finite type) give a coherent and systematic way to view all the polynomial 
knot invariants (quantum invariants) . Although both classes of the invariants have 
been studied extensively in the recent years, the following fundamental question 
is open: What geometric knot properties are Vassiliev invariants detecting? In 
particular to what extent does the vanishing of Vassiliev invariants approximate 
the unknottedness of a knot? 

In the present paper we address the first question mentioned above. We show 
that the invariants are obstructions to a knot's bounding a regular Seifert surface 
whose complement looks, modulo the lower central series of its fundamental group, 
like the complement of a null-isotopy. See Theorems 3.2 and 5.4. 

Milnor's //-invariants ([Mil], [Mi2]) are integer link concordance invariants 
defined in terms of algebraic data extracted from the link group. By [BN2], [L2] 
and [HM] , these invariants are the only link concordance invariants that are of finite 
type. Thus they can be thought of as the link homotopy (or link concordance) 
counterpart of Vassiliev's theory. As shown in [Co] and [O], Milnor's invariants 
detect exactly when the complements of links are cobordant as manifolds by a 
cobordism which looks, modulo the lower central series of its fundamental group, 
like the complement of a link concordance. Our main results here are parallel to 
results of [Co] and [O] and indicate that the two classes of invariants can be put 
under a unifying geometric framework. 

The geometric notion that captures the vanishing of Milnor's invariants is the 
notion of n-sliceness or n -null- concordance ([Co],[0]). Before we state the main 
results of this paper, let us introduce some notation and terminology. We will 
say that a Seifert surface S of a knot K is regular if it has a spine E whose 
embedding in S 3 , induced by the embedding S C S 3 , is isotopic to the standard 
embedding of a bouquet of circles. Such a spine will be called a regular spine 
of S. In particular, n = iv 1 (S 3 \ S) is a free group. For each circle in a regular 
spine, we may push it off the surface S slightly in the normal directions. If these 
push-offs are all disjoint (this can be achieved by either pushing circles off to 
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different sides of S or in different distances away from S), we get a link L e . For 
"appropriate" L e (see before the statement of Theorem 4.3 for details) we obtain 
that the Vassiliev invariants of the boundary knot K = dS are obstructions to 
the null-sliceness for the links L e . This in turn gives a close relation between the 
Milnor invariants of the links L £ and the Vassiliev invariants of K (Theorem 4.4). 
More precisely, we show that there exists a sequence of natural numbers {/(n)} n6 N, 
with l{n) > log 2 ( ), such that the following is true: 

Theorem 1. Let the notation be as above. Assume that L e is n-slice. Then, all 
the Vassiliev invariants of orders < l(2n — 1) vanish for K. 

The sequence {l(n)} ne ^ is defined in §3. A key idea we will introduce is to 
define n-unknotted Seifert surfaces. Roughly speaking, these are surfaces whose 
complement looks, modulo certain terms of the lower central series of its funda- 
mental group, "simple" (e.g. like the complement of a Seifert surface of a trivial 
knot). A knot bounding such a surface is called n-unknotted. Our main result 
in this paper shows that certain Vassiliev invariants of a knot obstruct to n- 
unknottedness. (For details see Theorem 5.6.) A particularly interesting class 
of surfaces that we study, that is used to prove Theorem 1 above, is that of n- 
hyperbolic. Roughly speaking, a regular Seifert surface S is called n-hyperbolic, 
for some n G N, if its complement looks, modulo the first (n + 1) terms of its 
fundamental group, like the complement of a disc. These surfaces are introduced 
in §3. We prove the following: 

Theorem 2. If K is n-hyperbolic, then all the Vassiliev invariants of orders < l(n) 
of K vanish. In particular, if K is n-hyperbolic for alln GN then all the Vassiliev 
invariants of K vanish. 

To motivate our notion of n-hyperbolicity, let us recall that a link is n-slice 
if its components bound disjoint smooth surfaces Vi in the 4-ball B 4 and such 
that each curve on V, if pushed off into the complement, lies in the n-th term of 
the lower central series of n 1 (B 4 \ UV^). The results in [Co] and [O] and in [LI] 
motivated our definition above. Our terminology though, is motivated by the form 
of the Seifert matrix of the knot. See Remark 5.3. 

In [Gu] , Gusarov studied knots with trivial invariants of bounded orders by 
means of combinatorics on knot projections. His notion of n-triviality relates a 
knot with vanishing finite type invariants to the unknot, via crossing changes on 
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knot diagrams. This process has to take into account all the intermediate knots 
that the knot passes through. Our notion on the other hand, involves only the 
knot in question and its complement, and it is, thus, closer to the spirit of classical 
geometric topology. 

An interesting problem, arising from this work, is the question of whether 
the notion of n-hyperbolicity provides a complete geometric characterization of 
n-trivial knots. We conjecture that this is the case. More precisely we have the 
following: 

Conjecture 3. A knot K is n-trivial for all n e N if and only if it is n-hyperbolic 
for all tiel 

The reader is referred to §6 for further discussion. 

Let us now describe in more detail the contents of the paper and some of the 
ideas that are involved in the proofs of the main results. 

In §1 we recall basic facts about Vassiliev invariants and the results from [Gu] 
that we use in subsequent sections. 

In §2 we study regular Seifert surfaces of knots. We introduce the notion of 
good position for bands in projections of Seifert surfaces. Let B be a band of a 
regular Seifert surface S, which is assumed to be in band-disc form, and let 7 
denote the core of B. Also, let 7 e denote a push-off of 7. The main feature of a 
projection of S with respect to which B is in good position is the following: We 
may find a word W, in the free generators of tt = ni(S s \ S), representing 7 e and 
such that every letter in W is realized by a band crossing in the projection. 

In §3 we introduce n-hyperbolic regular Seifert surfaces and we prove Theorem 
2. The special projections of §2 allow us to connect Gusarov's notion of n- triviality 
to an algebraic n-triviality in tt, and exhibit a correspondence between geometry 
in S 3 \ S and algebra in tt. Let us explain this in some more detail. By [Gu], 
to prove Theorem 2 it will be enough to show that an n-hyperbolic knot has to 
be /(n)-trivial. Showing that a knot is k-trivial amounts to showing that it can 
be unknotted in 2 k+1 — 1 ways by changing crossings in a fixed projection. See 
Definition 1.2. Having the projections of §2 at hand, the main step in the proof 
of Theorem 2 becomes showing the following: If 7 is the core of a band B in good 
position and Y G Tr^ m+1 \ then we can trivialize B in 2 Z(m ) +1 — 1 ways (for the 
precise statement see Proposition 3.3). Here 7r( m+1 ) denotes the (m + l)-th term 
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of the lower central series of n. 

The proof of Proposition 3.3 is based on a careful analysis of the geometric 
combinatorics of projections of the sub-arcs of 7 representing simple commutators. 
We show that eventually 7 may be decomposed into a disjoint union of "nice" arcs 
for which the desired conclusion follows by Dehn's Lemma. 

In §4 we start by recalling the Definition of n-slice and a few results from [Co] 
and [O]. Then we show how Theorem 1 follows from Theorem 2. 

In §5 we introduce n-unknotted Seifert surfaces and we prove various gener- 
alizations Theorem 2. See Theorems 5.4 and 5.6. 

Finally, in §6 we discuss some consequences and state some questions that 
arise from this work. 

Acknowledgment. We thank James Conant for a careful reading of this paper. 
His examples (see Remarks 3.3* and 3.14*) were crucial to us in clarifying the 
subtleties of the layouts of commutators. Also, we thank the referee for his/her 
comments that were very helpful in improving the exposition of the manuscript. 

1. VASSILIEV KNOT INVARIANTS AND GUSAROV'S n- TRIVIALITY 

A singular knot K C S 3 is an immersed curve whose only singularities are 
finitely many transverse double points. 

Let K, n be the rational vector space generated by the set of ambient isotopy 
classes of oriented, singular knots with exactly n double points. In particular 
/C = /Co is the space generated by the set of isotopy classes of oriented knots. 

A knot invariant V can be extended to an invariant of singular knots by 
defining 



for every triple of singular knots which differ at one crossing as indicated. In 
particular, K, n can be viewed as a subspace of /C for every n, by identifying any 
singular knot in /C n with the alternating sum of the 2 n knots obtained by resolving 
its double points. Hence, we have a subspace filtration 




. . . c /C n . . . c /C2 c /Ci c /C 
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Definition 1.1. A Vassiliev knot invariant of order < n is a linear functional on 
the space /C//C n +i. The invariants of order < n form a subspace V n of JC* , the 
annihilator of the subspace /C n +i C /C. We will say that an invariant v is of order 
n if v lies in V n but not in V n -i- 

Clearly, we have a filtration 

V c Vi c V 2 c . . . 

To continue we need to introduce some notation. Let D = D(K) be a diagram 
of a knot K, and let C = C(D) = {Ci, . . . , C m } be a collection of disjoint non- 
empty sets of crossings of D. Let us denote by 2 C the set of all subsets of C. 
Finally, for an element C E 2 C we will denote by Dc the knot diagram obtained 
from D by switching the crossings in all sets contained in C. So, all together, we 
can get 2 m different knot diagrams from the pair (D, C). Notice that each Ci EC 
may contain more than one crossings. 

Definition 1.2. ([Gu]) Two knots K\ and K 2 are called n-equivalent, if K\ has 
a knot diagram D with the following property: There exists C = {Ci, . . . , C n+ i}, 
a collection of n + 1 disjoint non-empty sets of crossings of D, such that Dq is a 
diagram of K 2 for every non empty C E 2 C . A knot K which is n-equivalent to 
the trivial knot will be called n- trivial. 

By [Ya] every knot is 1 -trivial. The following theorem will be useful to us in 
the subsequent sections. 

Theorem 1.3. ([Gu], [N-S]) Two knots K\ and K 2 are n-equivalent if and only 
if all of their Vassiliev invariants of order < n are equal. In particular, a knot K 
is n-trivial if and only if all its Vassiliev invariants of order < n vanish. 

2. REGULAR SEIFERT SURFACES OF A KNOT 
2a. Generalities 

Let K be an oriented knot in S 3 . A Seifert surface of K is an oriented, 
compact, connected, bicollared surface S, embedded in S s such that dS = K. 

A spine of S is a bouquet of circles EcS, which is a deformation retract of 

S. 
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Definition 2.1. A Seifert surface S of a knot K is called regular if it has a spine 
E whose embedding in S s , induced by the embedding S C S s , is isotopic to the 
standard embedding of a bouquet of circles. We will say that E is a regular spine 
ofS. 

Let E n C S 3 , be a bouquet of n circles based at a point p. A regular projection 
of E n is a projection of E n onto a plane with only transverse double points as 
possible singularities. Starting from a regular projection of E n , we can construct 
an embedded compact oriented surface as follows: On the projection plane, let 
D 2 be a disc neighborhood of the basepoint p, which contains no singular points 
of the projection. Then, D 2 intersects the projection of E n in a bouquet of 2n 
arcs and there are n arcs outside D 2 . We first replace each of the arcs outside 
D 2 by a flat band with the original arc as its core. Here a band being flat means 
we have an immersion when the band is projected onto the plane. That is to say 
that the only singularities the band projection has are these at the double points 
of the original arc projection so that bands overlap themselves exactly when the 
arcs overcross themselves. 

Let S denote the surface obtained by the union of the disc D 2 and these flat 
bands, to which some full twists are added if necessary. We say that S is a surface 
associated to the given regular plane projection of E n . We will also say that the 
surface S is in a disc-band form. A band crossing of S is obviously defined, and 
they are in one-one correspondence with crossings on the regular plane projection 
of E n . We certainly have the freedom to move the full twists added to the bands 
anywhere. So we assume that all the twists of the band are moved near the ends 
of the bands. We may sometimes abuse the notation by not distinguishing a band 
and its core and only take care of the twists at the end of an argument. 

Now let S be a regular surface of genus g. Pick a basepoint p G S, and let 
E n , n = 2(7, be a regular spine of S such that p is the point on E n where all circles 
in E n meet. Let 71, . . . , 7^, (3 g be the circles in E n oriented so that they form 
a symplectic basis of H\{S). Assume further that a disc neighborhood of p in S 
is chosen so that its intersection with E n consists of 2n arcs. 

Lemma 2.2. Let S be a regular Seifert surface, with E n a regular spine. The 
embedding E n C S s has a regular plane projection as shown in Figure 1 below, 
where b is a braid of index 2n, such that the regular Seifert surface S is isotopic 
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to a surface associated to that projection of E n . 

Proof. Let W n be a bouquet of n circles, all based at a common point q. Then, E n 
induces an embedding of W n in S 3 . Let us begin with a regular plane projection 
of W n , such that in a neighborhood D of q in the projection plane, the 2n arcs in 
D n W n are ordered and oriented in the same way as the arcs of E n in the chosen 
disc neighborhood of p in S. Then, after a possible adjustment by adding some 
small kinks, S is isotopic to the surface associated to this projection. Since E n is 
isotopic to the standard embedding of W n in S s : we may switch the arcs in D, so 
that the arcs of E n outside D are isotopic to the standard embedding. We may 
then record these switches by the braid b. □ 




Figure 1. A projection of a regular spine of a Seifert surface 

2b. Good position of a band in a regular spine 

Let us consider M 3 C S 3 and a decomposition I 3 = 1 x R 2 , and take the 
factor M? as a fixed projection plane P from now on. Also, we will fix a coordinate 
decomposition (t, s) of P. Now let / denote the t-axis on P, and let H + = {(t, s) e 
P | s > 0} and H- = {(t, s) G P | s < 0}. 

To continue assume that S is a regular Seifert surface and fix a projection, 
p : S — > P in the disc-band form. Assume that the bands (their cores) of S are 
all transverse to /. Let B be a band of S, and let 7 be the core of B. By a sub-band 
B' of B, we mean a band on B whose core 7' is a sub-arc of 7. 

Definition 2.3. We will say that a band B is in good position with respect to the 
projection iff the following conditions hold: 

a) The band B is Hat. 

b) For every band A 7^ B, the intersection H + n A consists of a single sub-band 
with no self-crossings, and these sub-bands are all disjoint. 
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c) All the self-crossings of B occur in H + , and are all undercrossings (resp. over- 
crossings). Moreover, the intersection H + fl B consists of finitely many sub-bands 
B , Bi, . . . , Bk such that 

i) they have no self-crossings; 

ii) the Bj 's, j^O, are disjoint with each other, and each crosses exactly once 
under (resp. over) B , or one of the sub-bands in b). 

d) The crossings between B and any other band that occur in H- are all over- 
crossings (resp. undercrossings). 

An example of a projection as described in Definition 2.3 is shown in Figure 
6, at the end of this section. 

To continue, let S be a regular Seifert surface and fix a projection as described 
in Lemma 2.2. Let g be the genus and let A±, B±, . . . , A g , B g denote the bands 
of S. Moreover, let 71, j3\, 7 g , j3 g denote the cores of A±, B±, . . . , A g , B g , 
respectively. We orient the core curves so that they give a symplectic basis of 
H~i(S). Finally, let xi, y±, . . . , x g , y g be small linking circles of the bands such that 

i) lk(x<, t,-) = \k(yi,Pj) = % 

ii) \k(yi, 7j) = \k(xi, fy) =0 and 

iii) their projections on the plane P are simple curves disjoint from each other. 
Clearly, x±, y±, . . . , x g , y g represent free generators of 7ri(5' 3 \ S). 

Lemma 2.4. For every band B of S, there exists a projection of S with respect 
to which B is in good position. 

Proof. Let us start with the projection fixed before the statement of the Lemma, 
and let / and H + , H_ be as before Definition 2.3. 

Let «i, di, . . . , ct2g-i, «2 9 denote the hooks in Figure 1 on the top of the braid 
b. They are sub-bands of A\, B\, . . . , A g , B g , respectively. We move the projection 
of S so that / intersects each of the hooks at exactly two points and we have that 
the intersection H + (~)p(S) is equal to ql\ U 6l\ U . . . U a 2g -i U a 2g . Thus the entire 
braid b is left below /, in H-. To continue, we choose another horizontal line Iq 
below /, so that b lies between Z and /, and only the disc part of the surface is left 
below Iq. Finally, we draw more horizontal lines h,fo, ■ ■ ■ ,l m = I such that the 
braid b has exactly one crossing between and l{ for % = 1, 2, . . . , m. 

Without loss of generality we may assume that B = A\. 
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Observe that since b is a braid, each band crossing of A\ under some band 
A can be slided all the way up, by using the finger moves of Figure 2. That is, 
we can slide a short sub-band of Ai, which is underneath A at the crossing, up 
following A until it becomes a small hook above / undercrossing the hook of A. 

To isotope the band A\ into good position, we start with the lowest under- 
crossing of A\ under, say some band A, between and li, for some i. We slide it 
up above / and still call the resulting band A\. Now between /j and k+i, if there is 
an undercrossing of A in the original picture, we will have two new undercrossings 
of the modified A\. We slide these two new undercrossings of Ai up, above /, along 
the same way as we slide the undercrossing of A between Zj and Zj+i up above /. 




(a) (b) 
Figure 2. Sliding an undercrossing across a band 



Since b has only finitely many crossings, this procedure will slide all under- 
crossings of A\ up above /, to make A\ in good position. 




Figure 3. Twists on a band realized as kinks and nested kinks 

The condition a) of Definition 2.3 can also be satisfied by further isotopy 
which first moves the twists on the band B to a place around the line / and then 
changes them to a family of "nested kinks" . See Figure 3. □ 

Remark 2.5. Notice that a similar procedure can be carried out for B with 
overcrossings replacing undercrossings and vice versa. 
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To continue let K be a knot, and let S be a genus g Seifert surface of K. 
Let N = S x (-1, 1) be a bicollar of 5 in S 3 , such that S = S x {0}, and let 
iV + = S x (0,1) (resp. iV~ = S x (-1,0)). For a simple closed curve ]CS, 
denote 7+ = 7 x {1/2} C iV+ and 7" = 7 x {-1/2} C N~. 

Now let the projection p : S 1 — > P, on the (£, s)-plane be as in Lemma 2.2. 
We denote by z\, Z2, ■ ■ ■ , z s the generators of iii(S 3 \ S) arising from the Wirtinger 
presentation associated to the fixed projection of S (see for example [Ro]). The 
generators Zi are in one to one correspondence with the arcs of the projection 
between two consecutive undercrossings. Moreover, every Zi is a conjugate of one 
of the free generators fixed earlier. 

In Figure 2 we have indicated the Wirtinger generators by small arrows un- 
der the bands. The directions of the arrows are determined by the fixed orien- 
tations of the free generators x\, y\, . . . , x g , y g . Notice that these free generators 
can be chosen as a part of the Wirtinger generators corresponding to the hooks 
cki, a\, . . . , OLig-u &2g, respectively. 

Lemma 2.6. (The geometric rewriting) Let 7 C S be a simple closed curve 
represented by the core of a band B of S, and let 7 e (e = ±) be one of the push 
off's of 7. Moreover, let W = z il ■ ■ ■ z im be a word representing Y in terms of 
the Wirtinger generators of the projection, and let W = W'(xi, yj) be the word 
obtained from W by expressing each Zi r in terms of the free generators. Then, 
there exists a projection 

p' : S — ► P 

which is obtained from p by isotopy, and such that every letter in W is realized 
by an undercrossing of B with one of the hooks above I. 

Proof. Suppose that e = +. Assume first that B is flat. Then every Zi r in W can 
be realized by an undercrossing of B with another band or itself. We claim that 
the projection obtained in Lemma 2.4 has the desired properties. 

To see that, let us begin with three Wirtinger generators z^, zj, zj-, around a 
crossing of the projection as show in Figure 2 (a). Then we have zt = ZiZjZ~ x . 
Notice that 7" 1 ", which is drawn by the dotted arrow, picks up zt at the under- 
crossing in (a). After performing a finger move in (b), each of Zj, z~ x is 
realized by an undercrossing. Thus the geometric equivalent of replacing each , 
in W = Zi x ■ ■ • Zi m , by its expression in terms of the free generators is to slide 
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an undercrossing of B until it reaches the appropriate hook. Now the desired 
conclusion follows easily from this observation. 

If B is not flat, we first assume that the twists are all near one of the ends of 
B. Let the Wirtinger generator near that end of B be z . Then W = z^z ix ■ ■ ■ z im , 
and every Zi r can be realized by an undercrossing of B with another band or itself. 
The previous argument still works in this case for each Zi, . For Zq , we may first 
move the twists up to a place around / and then replace the twists by a family 
of nested kinks, like in the last part of the proof of Lemma 2.4. This finishes the 
proof of Lemma 2.6. □ 

2c. Lower central series and curves on surfaces 

For a group G let [G, G] denote the commutator subgroup of G. The lower 
central series {G( m )} m6N , of G is defined by G^ = G and 

Q(m+l) = [ G (m) )G | 

for m > 1. 

We begin by recalling some commutator identities that will be useful to us 
later on. See [KMS] . 

Proposition 2.7. (Witt-Hall identities) Let G be a group and let k, m and I be 
positive integers. Suppose that x G G^ k \ y G G^ m ' and z G G"> . Then 

a) [G (k \ G^] C G (k+m '> or xy = yx mod G^ k+m ^ 

b) [x,zy] = [x,z] [x,y] [[y,x],z] 

c) [xy,z] = [y,z] [[z,y],x] [x,z] 

d) [x, [y, z}} [y, [z, x]} [z, [x, y}] = 1 mod G {k+l+m+1 ^ 

e) If g = g' mod G^ and y G G (m) then [g,y] = [g',y] mod G < - k+m ' > and 
[y,g] = [y,g'} mod G^ k+m l 

Let F be a free group of finite rank and let A = {ai, . . . , a^} be a set of (not 
necessarily free) generators of F. Let a be an element in F and let W = W a (A) be 
a word in a±, . . . , representing a. Think of W as given as a list of spots in which 
we may deposit letters af 1 , af 1 , . . . , a^ 1 . Now let C = C(W) = {Ci, . . . , C m } be 
a collection of disjoint non-empty sets of spots (or letters) in W. Let us denote 
by 2 C the set of all subsets of C. Finally, for an element C G 2 C we will denote by 
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Wc the word obtained from W by substituting the letters in all sets contained in 
Cby 1. 

Definition 2.8. ([N-S]) The element a G F is called n-trivial, with respect to A, 
if it has a word presentation W = W a (A) with the following property: There exist 
a collection ofn + 1 disjoint non-empty sets of letters, say C = {Ci, . . . , C n+ i}, in 
W such that Wc represents the trivial element for every non-empty C G 2 C . 

We will say that a G F is n-trivial if it is n-trivial with respect to a set of 
generators. The following lemma shows that this definition depends neither on 
the word presentation nor the set of generators used. 

Lemma 2.9. If a G F is n-trivial with respect to a generating set A, then it is 
n-trivial with respect to every generating set of F. 

Proof. Let W = W a (A) = a^a^ . . .a,i s be a word for a satisfying the properties in 
Definition 2.8 and let A' be another set of generators for F. By expressing each 
word of elements in A' we obtain a word W = W' a (A') which satisfies the 
requirements of n-triviality with respect to A'. □ 

Lemma 2.10. If a lies in F^ n+1 \ then it is n-trivial. 

Proof. Observe that a basic commutator [a, b] = aba~ 1 b~ 1 is 1-trivial by using 
C = {{a,a -1 }, {6, and induct on n. □ 

Clearly, we do not change the n-triviality of a word by inserting a canceling 
pair xx -1 or x~ x x, where a; is a generator. We will use the following definition to 
simplify the exposition. 

Definition 2.11. A simple commutator is a word in the form of [A^x^ 1 ] or 
[x^ 1 , A] where x is a generator and A is a simple commutator of shorter length. A 
simple quasi- commutator is a word obtained from a simple commutator by finitely 
many insertions of canceling pairs. 

By Proposition 2.7, any word representing an element in F^ can be changed 
to a product of simple quasi-commutators of length > n by finitely many insertions 
of canceling pairs. A simple quasi-commutator of length > n is clearly n-trivial. 

To continue, let S be a regular Seifert surface of a knot K. For a loop 
a C S s \ S, we will denote by [a] its homotopy class in n = ni(S 3 \ S). 
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Suppose that S, 7, B : p' : S — > P and [y e ] = W'(xi,yi) = W are as in 
the statement of Lemma 2.6. Suppose 5 is a sub-band of 7 and [5 e ] = W" is a 
sub- word of W . Assume that W" represents an element in ix^ . 

Lemma 2.12. (The geometric realization) There exists a projection pi : S — > P 
with the following properties: 

i) pi(S) is obtained from p'(S) by a finite sequence of band Reidermeister moves 
of type II; 

ii) B is in good position with respect to the new projection; 

in) the word W* = W*(xi,yi) one reads out from 5 (with respect to the new 
projection p'), by picking up one letter for each crossing of 5 underneath the 
hooks, is a product of simple quasi-commutators of length > n. 

Proof. Since W" represents an element in ix^ n \ we may change W" to a product 
of simple quasi-commutators by finitely many insertions of canceling pairs. Such 
an insertion of a cancelling pair can be realized geometrically by a finger move 
(type II Reidermeister move). We will create a region in the projection plane to 
perform such a finger move. This region is a horizontal long strip below the line / 
and its intersection with p'(S) consists of vertical straight flat bands. See Figure 
4. 





Figure 4. Realizing an insertion of a; X or XX by isotopy 
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As shown in Figure 4, there are two situations corresponding to insertions of 
x~ x x or xx~ l . In one of the cases, we shall either let the finger go over one of 
the vertical flat bands connected to the x-hook (in the case that the a>hook does 
not belong to B) or push that vertical flat band along with the finger move (in 
the case that the x-hook belongs to B). Furthermore, if some vertical flat bands 
belonging to B block the way of the finger move, we will make more insertions 
by pushing these vertical flat bands along with the finger move. Finally, with all 
these done, we may easily modify the projection further to make B still in good 
position and ready to do the next insertion. □ 

2d. An example illustrating the good position of a band 

In Figure 5, we show an example of a regular Seifert surface of genus one. 



X 





Figure 5. A 2-hyperbolic surface 

The cores of the bands A and B of the surface S have been drawn by the 
dashed, oriented curves 7^ and 75, respectively. The fundamental group it = 
ni(S 3 \ S) is freely generated by x and y. We have [7^] G where 7^ is the 
push-off of 7^4 along the positive normal vector of the surface S pointing upwards 
the projection plane. In fact, from the Wirtinger presentation obtained from the 
given projection we have [7^] = [ziu -1 ] = [[x, y], y~ x \. Such a surface will be 
called 2-hyperbolic in Definition 3.1. Now we modify the projection of S, so that 
A is in good position. The resulting projection is shown in Figure 6. Here we 
have only drawn the cores of the bands. The solid (dashed, resp.) arc corresponds 
to the band A (£?, resp.) of Figure 6. The word we read out when traveling 
along the solid arc, one letter for each crossing underneath the hooks, is exactly 
W = The reader can verify that the two crossings marked by "%" on 
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the left side of the y-hook and the two crossings marked by " * " can be used to 
trivialize the band A in three ways. 




Figure 6. The band A in good position 



Remark 2.13. There is an obvious collection C of three sets of letters of W, so 
that W becomes a trivial word whenever we delete letters in a non-empty C E 2 C 
from W (see proof of Lemma 2.10). The projection of Figure 6 has the property 
that every letter in the word W = [[x, y], y~ x ] is realized by a band crossing. So we 
obtain a collection of sets of crossings, also denoted by C. However, as the reader 
can verify, the image of on the surface Sc, obtained from S by switching the 
crossings in C, will not always be homotopically trivial in S 3 \ Sc- 

3. COMMUTATOR HALF BASES AND VASSILIEV INVARIANTS 

In this section we undertake the study of regular Seifert surfaces, whose com- 
plement looks, modulo the first n + 1 terms of the lower central series of its fun- 
damental group, like the complement of a null-isotopy. Our main goal is to show 
that the existence of such a surface for a knot K forces its Vassiliev invariants of 
certain orders to vanish. 

3a. Definitions and the main result 

Before we are able to state our main result in this section we need some 
notation and terminology. Let K be a knot in S 3 and let S be a Seifert surface 
of K, of genus g. Throughout this paper a basis of S will be a collection of 2g 
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non-separating simple closed curves {71, . . . , 7 ff , fi g } that represent a symplectic 
basis of Hi(S). That is we have X(7i, 7j) = X(/%, = X(/?j, 7A = 0, for z 7^ j, 
and X(7i, A) = 1, where X denotes the intersection form on S. Each of the 
collections {71, . . . , 7^} and . . . , j3 g } will be called a half basis. 

To continue let n = ni(S 3 \ S). For a basis £> = {71, (3±, . . . , 7 5 , of Hi(S) 
let £>* = {xi, yi, . . . , x g , y 3 } denote elements in 7r representing the dual basis of 
#i(S 3 \S). 

For a subset A of £>, let ^ denote the normal subgroup of ix generated by the 
subset of B* corresponding to A. Moreover, we will denote by (resp. (j> X) the 
quotient n jQj^ (resp. the quotient homomorphism n — > t^/Qa)- Finally, will 
denote the m-th term of the lower central series of n^. For the following definition 
it is convenient to allow A to be the empty set and have ttj_ = tv. 

Definition 3.1. Let n G N. A regular Seifert surface S is called n-hyperbolic, if 
it has a half basis A represented by circles in a regular spine E with the following 
property: There is an ordering, 71, ... ,j g , of the elements in A such that either 

0A-i(h^D or (j>Ai-A[li]) lies m *a*\ ■ Here A k = {xi, yi, . . . ,x k ,y k } for k = 
1, . . . , g and Ao is the empty set. The boundary of such a surface will be called 
an n-hyperbolic knot. 

Remark. A particularly interesting case of Definition 3.1 is when the surface S 
contains a half basis 71, . . . , 7 9 such that [7+] or [7"] lie in Ti^ n+1 \ 

In order to state our main result in this section we need some notation. For 
m G N, let q(m) be the quotient of division of m by six (that is m = 6q(m) + r±, 
< r\ < 5). Let the notation be as in Definition 3.1. For i = 1, . . . , y, let Xi denote 
the free generator of n that is dual to [7^. Let U denote the number of distinct 
elements in {x±, y±, . . . ,x g ,y g }, that are different than Xi and whose images under 
</>A-i appear in a (reduced) word, say Wi, representing <j>Ai{[lt\) or 4>Ai{[li\)- 
Write Wi as a product, Wi = W} . . . W?* , of elements in n^-i anc ^ Petition the 
set {Wl, . . . W t Si } into disjoint sets, say W, 1 , . . . Wf such that: i) k} + . . . + k\ l = h, 
where k\ is the number of distinct elements in Ai involved in Wf and ii) for a ^ b, 
the sets of elements from Ai appearing Wf and are disjoint. Let 

ki = min{ *£,...,*;**}. 
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and let 

q(n + 1), if n < 6k 



Notice that 



h + 



n + 1 - 6ki 
log 2 - 



if n > 6k. 



/ \ n+1 ^ n- 5 , ,n — 5 s 
q(n + 1) > — — - 1 = — — > log 2 (— — ). 

Also, since ab > a + b if a, b > 1, we have 

/ ,i ,n+l-6ki n + l-6ki r n + 1 ^ 
ki + log 2 ( ) > \og 2 ki + log 2 ( ) > log 2 (-gg-). 

Thus, for n > 5, we have 

Qji > log 2 (^-). 

We define l(n) by 

Z(n, S) = min{g 7l - 1, . . . , q lg - 1}, 

and 

l(n) = min{/(n, S)\ S is n— hyperbolic}. 
We can now state our main result in this section, which is: 

Theorem 3.2. If K n- hyperbolic, for some n E N, then K is at least l(n)-trivial. 
Thus, all the Vassiliev invariants of K of orders < l(n) vanish. 

^From our analysis above, we see that l(n) > log 2 ( ) and in particular 
lim n ^ 00 /(n) = oo. Thus, an immediate Corollary of Theorem 3.2 is: 

Corollary 3.2*. If K n-hyperbolic, for all n£N, then all its Vassiliev invariants 
vanish. 

Assume that S is in disc-handle form as described in Lemma 2.2 and that 
the cores of the bands form a symplectic basis of Hi(S). Moreover, assume that 
the curves 71, . . . , 7 ff , of Definition 3.1 can be realized by half of these cores. Let 
Pi,...,P g denote the cores of the other half bands and let D = D(K) denote the 
knot diagram of K, induced by our projection of the surface. Also we may assume 
that the dual basis {xi, yi, . . . , x g , y g } is represented by free generators of n, as 
before the statement of Lemma 2.4. 
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To continue with our notation , let C be a collection of band crossings on the 
projection of S. We denote by Sc (resp. Dc) the Seifert surface (resp. knot dia- 
gram) obtained from S (resp. D) by switching all crossings in C, simultaneously. 
For a simple curve 7 C S (or an arc S C 7), we will denote by 7c (or Sc) the 
image of 7 (or S) on Sc- 

Let 7 be the core of a band S in good position and suppose that it is decom- 
posed into a union of sub-arcs rj U S with disjoint interiors, such that the word, 
say W, represented by S + (or S~) in n = n 1 (S 3 \ S) lies in n^ m+1 \ Let x be the 
generator of n corresponding to B and let / denote the number of distinct free gen- 
erators, different than x, appearing in W. Write W as a product, W = W\ . . . W s , 
of commutators in n^ ri+l ^ and partition the set {W\, . . . W s } into disjoint sets, say 
Wi, . . . Wt such that: i) ki + . . . + k t = /, where kj is the number of distinct 
generators involved in Wj and ii) for a 7^ 6, the sets of generators appearing W a 
and Wb are disjoint. Let 

k = min{/ci, . . . , kt}. 



We define 



Qs 




if n < 6k 
if n > 6k. 



6 

The proof of Theorem 3.2 will be seen to follow from the following Proposition. 

Proposition 3.3. Let 7 be the core of a band B in good position and suppose 
that it is decomposed into a union of sub-arcs r/US, such that the word represented 
by S + (or S~) in n = ni(S s \ S) lies in n^ m+1 \ Suppose that the word represented 
by i] + (or t]~) is the identity. 

Let K' be the boundary of the surface obtained from S by replacing the sub- 
band of B corresponding to S with a straight Eat ribbon segment S* , connecting 
the endpoints of S and above (resp. below) the remaining diagram. Then K and 
K' are at least Is -equivalent, where Is = qs — 1. 

The proof of Proposition 3.3 will be divided into several steps, and occupies 
all of §3. Without loss of generality we will work with S + and 7+. In the course 
of the proof we will see that we may choose the collection of sets of crossings C, 
required in the definition of /^-equivalence, to be band crossings in a projection of 
S. Moreover, for every non-empty C £ 2 C , Sc will be shown to be isotopic to a 
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straight arc, say 6* , as in the statement above. Here 2 C is the set of all subsets of 
C. 

In the rest of this paragraph, let us assume Proposition 3.3 and show how 
Theorem 3.2 follows from it. 

Proof of Theorem 3.2. The proof will be by induction on the genus g of the 
surface S. If g = then K is the trivial knot and there is nothing to prove. For 
i = 1, . . . , <7, let Ai denote the band of S whose core corresponds to 7^ and let Bi 
be the dual band. 

By Definition 3.1 we have a band A 1: such that the core 7 satisfies the assump- 
tion of Proposition 3.3. We may decompose 7 into a union of sub-arcs r\ U S with 
disjoint interiors such that the word represented by 5 + (resp. in n = ni(S 3 \S) 
lies in n^ n+1 ^ (resp. is the empty word). Let K' be a knot obtained from K by 
replacing the sub-band of B corresponding to 5 with a straight flat ribbon segment 
5*, connecting the endpoints of S and above the remaining diagram, and let S' be 
the corresponding surface obtained from S. We will also denote the core of 5* by 
5*. 

By Proposition 3.3, K and K' are /^-equivalent. One can see that K' is 
n-hyperbolic, and it bounds an n-hyperbolic surface of genus strictly less than g. 

Obviously, there is a circle on S' with 5* as a sub-arc which bounds a disk 
D in S 3 \ S'. A surgery on 5" using D changes S' to S" with dS" = K\ and we 
conclude that S" is an n-hyperbolic regular Seifert surface with genus g — 1. Thus, 
inductively, K' : and hence K, is at least /(n)-trivial. □ 

Remark 3.3*. Let us close this paragraph by remarking that with the notation 
as in Definition 3.1, if we assume that each [7?], % = l,...,g and e = + or — , 
lies in n^ 2 \ then K = dS has the trivial Alexander polynomial. Thus, since the 
only Vassiliev invariant of order two comes from the Alexander polynomial, K 
is 2-trivial. Moreover, examples found by J. Conant ([CI]) indicate that if we 
require the stronger condition that [7?] G 7r( n+1 ) in Definition 3.1, then the lower 
bound in Theorem 3.2 should have linear growth on n. However, Conant also has 
examples ([C]) demonstrating that with the weaker definition of n-hyperbolicity 
used in this paper, the logarithmic growth in the lower bound of Proposition 3.3 is 
necessary. More precisely, he constructs a family {K n } ne ^ of knots such that: K n 
is (2 n+2 — 4)-hyperbolic but, as computer calculations indicate, the lower bound 
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in Proposition 3.3 should be 2n. We will not pursue an improvement of the lower 
bound in Theorem 3.2 here since, in the light of Proposition 6.2 and Conjecture 
6.3, we are mainly interested in Corollary 3.2*. 
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3b. Nice arcs and simple commutators 

In this paragraph we begin the study of the geometric combinatorics of arcs 
in good position and prove a few auxiliary lemmas required for the proof of Propo- 
sition 3.3. At the same time we also describe our strategy of the proof of 3.3. 

Throughout the rest of section three, we will adapt the convention that the 
endpoints of S or of any subarc 5 C 5 representing a word in n^ rn+1 \ lie on the 
line I associated to our fixed projection. Let W = c\ . . . c r be a word expressing 
5 + as a product of simple (quasi-) commutators of length m + 1, and let pi(S) be 
a projection of S, as in Lemma 2.12. Then, each letter in W is represented by 
a band crossing in the projection. Now, let C = {C\, . . . , C m+ i} be disjoint sets 
of letters obtained by applying Lemma 2.10 to the word W, so that W becomes 
a trivial word whenever we delete letters in a non-empty C E 2 C from W (the 
resulting word is denoted by Wc)- 

Let y be a free generator appearing in W. We will say that the letters {y, y~ x } 
constitute a canceling pair, if there is some C E 2 C such that the word Wc can be 
reduced to the identity, in the free group n, by a series of deletions in which y and 
y~ x cancel with each other. 

Ideally, we would like to be able to say that for every C E 2 C the arc 5c 
(obtained from 5 by switching all crossings corresponding to C) is isotopic in S 3 \Sc 
to a straight segment connecting the end points of 5 and above the remaining 
diagram. As remarked in 2.13, though, this may not always be the case. In other 
words not all sets of letters C, that come from Lemma 2.10, will be suitable for 
geometric m-triviality. This observation leads us to the following definition. 

Definition 3.4. Let S, B and 5 be as in the statement of 3.3 and let 6 C 5 be a 

subarc that represents a word W in n^ rn+1 \ Furthermore let 5* be an embedded 
segment connecting the endpoints of 5 and such that dd* C / and the interior of 
5* lies above the projection of S on the projection plane. 

1 ) We will say that 5 is quasi-nice if there exists a segment 5* as above and such 
that either the interiors of 5* and 5 are disjoint, or 6 = 5* and 5* is the hook of 
the band B. Furthermore, if the interiors of 5* and 6 are disjoint then 5* should 
not separate any set of crossings corresponding to a canceling pair in W on any 
of the hooks of the projection. 

2) Let 5 be a quasi-nice arc, and let 5* be as in 1). Moreover, let S' denote the 
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surface S U n(S*), where n(8*) is a flat ribbon neighborhood of 5* . We will say- 
that 6 is k-nice, for some k < m + 1, if there exists a collection C of k disjoint sets 
of band crossings on 5, such that for every non-empty C E 2 C , the loop (5* U 5~c) + 
is homotopically trivial in S 3 \S' C , where S' c = Sc^n(5*). We will say that every 
C E 2 C trivializes 5 geometrically. 

5* 




Figure 7. Nice arcs representing simple 2-commutators 

Notice that the arc in the example on the left side of Figure 7 is both 2-nice 
and quasi-nice while the one on the right side is not. In fact, one can see that all 
embedded arcs in good position representing simple 2-commutators are 2-nice. 

Lemma 3.5. Let S be a subarc of the core of a band B, in a projection of a regular 
surface S. Let 5* be a straight segment, connecting the endpoints of 5 and let S' 
denote the surface S U n(8*). Suppose that the loop (5* U 5) + is homotopically 
trivial in S s \ S' . Then n(5) can be isotoped onto n(5*) in S s \ S relative to the 
endpoints. 

Proof. Since 5* U 6 C S' is an embedded loop, by Dehn's Lemma (see for example 
[He] or [Ro]) we conclude that it bounds an embedded disc in S 3 \ S'. Then the 
claim follows easily. □ 

Corollary 3.6. Let 7 and 5 as in the statement of Proposition 3.3. Assume that 
5 is an q§-nice arc. Then the conclusion of the Proposition is true for 5. 

Proof. It follows immediately from Definitions 1.2 and 3.4 and Lemma 3.5. □ 

For the rest of this paragraph we will focus on projections of arcs, in good 
position, that represent simple quasi-commutators. We will analyze the geomet- 
ric combinatorics of such projections. This analysis will be crucial, in the next 
paragraphs, in showing that an arc S as in Proposition 3.3 is qs-nice. 
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Let 81 be a subarc of S presenting a simple quasi-commutator of length m, say 
c. Moreover, let S2 be another subarc of S presenting a simple quasi-commutator 
equivalent to c or c" 1 . We may change the orientation of S2 if necessary so that 
it presents a simple quasi-commutator equivalent to c. Then we may speak of the 
initial (resp. terminal) point pi t 2 (resp. qi^) of Si^', recall these points all lie on 
the line /. 

Definition 3.7. Let Si (resp. 62) be the segment on I going from pi to P2 (resp. 
Qi to q2 )■ We say that Si and 62 are parallel if the following are true: i) At most 
one hook has its end points on Si or 62 and both of its end points can be on only 
one of Si^; H) If a hook has exactly one point on some Sj, say on Si, then Si 
dosen't intersect the interior of Si j2 - Hi) We have either Si n S 2 = or Si C S 2 ; iv) 
If <5i )2 are drawn disjoint and above the surface S, the diagram Si U Si U S 2 U S 2 
can be changed to an embedding by type II Reidermeister moves. 

The reader may use Figure 8 to understand Definition 3.7. It should not be 
hard to locate the arcs Si^ in each case in Figure 8. In the first two pictures, 
the straight arcs Si^ have no crossings with Si^- Crossings between 81,2 and 
$1,2 removable by type II Reidermeister moves are allowed to accommodate the 
modification of Si^ in Lemma 2.12. For example, in the last two pictures of Figure 
8 one of Si 2 C I intersects both of Si 2 . 




Figure 8. Various kinds of parallel arcs 



Lemma 3.8. Assume that the setting is as in the statement of Proposition 3.3. 
Let ci and C2 be equivalent simple quasi-commutator s presented by sub-arcs Si 2 
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of 8 respectively, and let y be one of the free generators associated to the hooks 
of our fixed projection. Moreover, assume that 61^2 are parts of a subarc ( of 
5 presenting a simple quasi-commutator W = c\yc^ 1 y~ 1 - Then 5± and 62 are 
parallel. 

Proof. By abusing the notation, we denote 5i = T\x\i\x~ x and 62 = T2Xfi2X~ 1 
where Ti, T2, A*] -1 , ^2~ l all present equivalent simple quasi-commutators. Further- 
more, Q = SiyS^y -1 ■ For a subarc v, up to symmetries, there are four possible 
ways for both of its endpoints to reach a certain z-hook so that zuz~ l is presented 
by an arc in good position. See Figure 9, where the arc v may run through the 
z-hook. We will call the pair of undercrossings {z, z~ x } a canceling pair. Now let 
us consider the relative positions of r±, T2, fJ,i and [12- Inductively, Tj and u,~ l are 
parallel, for i = 1,2. If x^ix~ x is of type (I) in Figure 9, since T\ and \i{ x are 
parallel, t± has to go the way indicated in Figure 10 (a). 




(ill) (IV) 



Figure 9. Types of arcs presenting ZVZ 

If XH2%~ 1 is also of type (I), there are two cases to consider. One case is to 
have the canceling pairs {x,x~ x } in x[i\x~ x and x[i2X~ x both going underneath 
the x-hook at the left side, and the other case is to have them going underneath 
the x-hook at different sides. In the first case, in order to read the same word 
from 7~i and T2 as well as from \i\ and ^2, TiXfiix -1 and T2X[i2X~ x has to fit like 
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in Figure 10 (b). This implies that Si and S 2 are parallel. In the second case (see 
Figure 10 (c)), in order that Si be parts of the arc ( = SiyS^y' 1 , they have to go 
to reach the same y-hook. 




(c) 

Figure 10. The case when both X\1\X~ X and X[l 2 X~ X are of type (I) 

But then we will not be able to read the same word through t\ and r 2 . This 
shows that if x[i\x~ x and x\i 2 x~ x are both of type (I), Si and S 2 are parallel. 
There are many other cases which can be checked one by one in the same way as 
in Figure 10. The details are left to the patient reader. □ 

So far we have been considering the projection of our surface on a plane P 
inside R 3 = ? x R. To continue, let us pass to the compactifications of 1R 3 and P. 
We obtain a 2-sphere Sp inside S 3 , and assume that our projection in Proposition 
3.3 lies on Sp. We may identify the image of I with the equator of Sp, and the 
images of H+ and H- with the upper and lower hemisphere. We will interchange 
between P and Sp whenever convenient. 

Digression 3.9. Let S, B be as in the statement of Proposition 3.3 and let x 
denote the free generator of 7r 1 (5' 3 \ S) corresponding to B. Suppose Si and S 2 
are parallel subarcs of S. and let Si j2 be as in Definition 3.7. We further assume 
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that the crossings between and have been removed by isotopy. Let y be 
a free generator of n = n 1 (S s \ S). We assume that both Si and S 2 are sub-arcs 
of an arc ( C S presenting [c ±:L , y ±x ] (recall that Si t 2 present c ±:L ). Then ( is a 
union Si U ri U S2 U T2, where ri 5 2 are segments each going once underneath the 
y-hook. One point of £ is the same as one endpoint of one of Si^, say 62- Let 
S := S \ (Si U #2). By the properties of good position we see that in order for one 
of 5i,2, say Si, not to be embedded on the projection plane it must run through 
the hook part of B, and the word representing Si must involve x$. Moreover, 
good position imposes a set of restrictions on the relative positions of of Si t 2 and 
the various subarcs of S. Below we summarize the main features of the relative 
positions of Si : 2 and the various subarcs of S; these features will be useful to us in 
the rest of the paper. We will mainly focus on the case that Si^ are embedded; 
the case of non-embedded arcs is briefly discussed in part b) of this Digession. 

a) Suppose that Si^ are embedded on the projection plane P. Then the loop 
Si US2 U#2 USi separates Sp into two discs, Di and D 2 . The intersections Di j2 C\S 
consist of finitely many arcs. With the exception of at most one these arcs are 
embedded. One can see (see the two pictures on the left side of Figure 8) that the 
interiors of Ti 5 2 are disjoint from that of exactly one of -Di,2, say Di, and they lie 
in the interior of the other. We will call Di (resp. D 2 ) the finite (resp. infinite) 
disc corresponding to the pair Si^- Using the properties of good position one can 
see that for each component 9 of Di fl S one of the following is true: 
(ai) Both the endpoints of 9 lie on S 2 and 9 can be pushed in the infinite disc D 2 
after isotopy, or it represents a word w, such that the following is true: None of the 
letters appearing in the reduced form of w appears in the underlying commutator 
of c. Moreover for each free generator x appearing in w, C ±x contains inserted 
pairs x ±l x^ 1 . To see these claims, first notice that if one of the generators, say 
z, appears in the underlying commutator of c then the intersection of Di and the 
z-hook consists of two (not necessarily disjoint) arcs, say 6>i )2 , such that on point 
of <9(6>i )2 ) is on Si and the other on S 2 . Moreover, both the endpoints of the z-hook 
lie outside Di in the infinite disc. Now a subarc of S in Di has the choice of either 
hooking with z in exactly the same fashion as Si^, or "push" 6*1,2 by a finger move 
as indicated in Figure 4, and hook with some x 7^ z ±x . In order for the second 
possibility to occur, at least one of the endpoints of the x-hook must lie inside 
D; by our discussion above this will not happen if x has already appeared in the 
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underlying commutator of c. The rest of the claim follows from the fact that the 
"top" of the x-hook must lie outside D t 

(02) One endpoint of 9 is on $1 and the other on <5 2 . Moreover, 9 either represents 
c ±x or the trivial word or it represents a w, as in case (ai) above. 

(as) 9 is a subarc of the hook corresponding to the band B, and it has one endpoint 
on 81 and the other on 82 or one point on 8{ and the other on 8j = 1,2). 
Furthermore, if 9 has one endpoint on 8i and the other on 8j then i) the underlying 
commutator of c does not involve Xq 1 ; and ii) both endpoints of the ^o-hook lie 
inside D\. 

(04) One of <$i 5 2, say 5i, runs through the hook part of B and 9 has one point on 
81 and the other on 8j = 1,2). Moreover, we have: i)The arc 9 represents 
wXq 1 where either w = c ±:L or none of the letters appearing in there reduced form 
of w appears in the underlying commutator of c; ii) the underlying commutator 
of c does not involve Xq 1 ; iii) if e is a simple quasi-commutator represented by a 
subarc 8 such that 81^2 C 8, then the underlying commutator of e does not involve 
x^ 1 (see also Lemma 3.12 a)). 

b) Recall that xq is the free generator of n corresponding to B. Suppose that 8\ is 
non-embedded. Then 8\ to run through the hook of B and the word representing 
81 must involve Xq. 

(61) It follows from the properties of good position that any subarc of 9 C 8 that 
has its endpoints on different 8i has to represent c ±x . 

Lemma 3.10. Let the setting be again as in the statement of Proposition 3.3, 
and let 8± be a subarc of 8 representing a simple (quasi-) commutator. Moreover 
let ho denote the hook part of the band B. We can connect the endpoints of 8± by 
an arc 8\, which is embedded on the projection plane and such that: i) 5* lies on 
the top of the projection pi(S); ii) the boundary d(8l) lies on the line I; and iii) 
either 8^ = ho or the interiors of 5* and 81 are disjoint and 8^ goes over at most 
one hook at most once. 

Proof. Suppose that 81 represents W = [c, y^] and let 8\ )2 be the subarcs of Si 
representing c ± in W. By Lemma 3.8 8^ are parallel; let S± be the arcs of 

1 2 

Definition 3.7 connecting the endpoints of S± . Recall that there is at most one 

1 2 

hook, say corresponding to a generator z, that can have its endpoints on 8^ . If 
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z = y then , using good position, we see that there is an arc 8\ as claimed above 
such that either 5^ = ho or it intersects at most the y-hook in at most one point. 
If z 7^ y then we can find an arc a satisfying i) and ii) above and such that either 
a = ho or a intersects the y-hook in at most one point and the intersections of 
a with the other hooks can be removed by isotopying a, relatively its endpoints. 
Thus the existence of 5* follows again. □ 

Definition 3.11. An arc Si representing a simple (quasi-) commutator will be 
called good if the arc 5* of Lemma 3.10, connecting the endpoints of the Si, doesn't 
separate any canceling pair of crossings in Si. 

The reader can see that the arc in the picture of the left side of Figure 7 is 
good while the one on the right is not good. 

The outline of the proof of 3.3. In 3.4 we defined the notions of quasi-niceness 
and /c-niceness. By definition, a /c-nice arc is quasi-nice. We will, in fact, show 
that the two notions are equivalent. More precisely, we show in Lemma 3.21 that 
a quasi-nice arc S is g^-nice. This, in turn, implies Proposition 3.3. To see this 
last claim, notice that the arc S in the statement of 3.3 is quasi-nice. Indeed, 
since the arc r\ in the statement of 3.3 represents the identity in n, good position 
and the convention about the endpoints of 5 made in the beginning of 3b assure 
the following: Either the interior of r\ lies below / (and above the projection of 
S\n(r))) and it is disjoint from that of S or r\ is the hook part of B. In both cases 
we choose 5* = rj. 

To continue, notice that a good arc is by definition quasi-nice. The notion of a 
good arc is useful in organizing and studying the various simple quasi-commutator 
pieces of the arc 5 in 3.3. In Lemma 3.15 we show that if an arc S is good then 
it is g^-nice and in Lemma 3.19 we show that if d is a product of good arcs then 
it is q^-nice. In both cases we exploit good position to estimate the number of 
"bad" crossings along 5, that are suitable for algebraic triviality but may fail for 
geometric triviality. All these are done in 3c and 3d. 

In 3e we begin with the observation that if 5 is a product of arcs 6>i, ...9 S such 
that 6i is qe r mce then S is q^-nice (see Lemma 3.20). Finally, Lemma 3.21 is 
proven by induction on the number of "bad" subarcs that 5 contains. 
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3c. Bad sets and good arcs 

In this paragraph we continue our study of arcs in good position that represent 
simple quasi-commutators. Our goal, is to show that a good arc 5 representing a 
simple quasi-commutator is g^-nice (see Lemma 3.15). 

Let W = [. . .[[yi, y2\i 1/3], ■ ■ ■ , y™+i] be a simple (quasi-) commutator rep- 
resented by an arc 5 of the band B in good position. Suppose that the subarc 
of 5 representing Wi = [. . . [[yi, y 2 ], 2/3], • • • , Vi], for some i = 1, . . . , m + 1, runs 
through the hook part of £?, at the stage that it realizes the crossings correspond- 
ing to yi. The canceling pair corresponding to {yi, y~ x } will be called the special 
canceling pair of W. 

Note: Let xq be the free generator of n corresponding to the band B. Notice that 
if the special canceling pair {yi, y~ x } is of type (III) or (IV) then we must have 
yi = x^ 1 ; otherwise we must have yi 7^ x^ 1 . Moreover, it follows by good position 
and Lemma 3.8 that if {yi, y" 1 } is of type (I) or (II), then the arc representing 
W 1 = [• ..[[yi, y 2 ], 2/3], • • -,2/i-i] is embedded; that is y,- ^ x^ 1 for j = 1, . . . 

Lemma 3.12. Let W = [. . . [[yi, 2/2], ys], ■ ■ ■ , ym+i] be a simple (quasi-) commu- 
tator represented by an arc 5 of the band B in good position, and let x$ be the 
free generator of n corresponding to the hook of B. 

a) Suppose that, for some i = 1, . . . ,m+l, one of the canceling pairs {yi, y~ x } is 
the special canceling pair. Then, we have yj 7^ Xq 1 for all i < j < m + 1. 

b) Let z be any free generator of n corresponding to one of the hooks of our 
projection. Then, at most two successive y^'s can be equal to z ±x . 

Proof, a) For j > i let c = [. . . [[yi, y 2 ], 2/3], . . . , Uj-i] and let 8\ j2 be the arcs 
representing c ±x in [c, yj]. By 3.8, #1,2 are parallel. Let 5± j2 be arcs satisfying 
Definition 3.7. Notice that the xo-hook can not have just one of its endpoints on 
<5i 5 2- For, if the xo-hook had one endpoint on, say, 61, then 5± would intersect the 
interior of 5i t2 . Now easy drawings will convince us that we can not form W\ = 
[c, x^ 1 ] without allowing the arc representing it to have self intersections below 
the line / associated to our projection. But this would violate the requirements of 
good position. 

b) By symmetry we may assume that W = [. . . , [c ±x , z ±x ], y^ . . . , y m+ i], where c is 
a simple (quasi-) commutator of length < m. Let 5 be the subarc of 5 representing 
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[c ±:L , z ±x ], and let 5i )2 be the subarcs of 8 representing c ±x . By Lemma 3.8, 5i j2 
are parallel. Let 8\^ be as in Definition 3.7. 

Without loss of generality we may assume that z ±l has already appeared in 
c. Thus the intersection 5 1;2 HH + is a collection of disjoint arcs {Ai} : each passing 
once under the z-hook, and with their endpoints on the line /. Let denote the 
innermost of the A^s corresponding to the two endpoints of the z-hook. Let a± t 2 
denote the segments of / connecting the endpoints of Ai )2 , respectively. Observe 
that both of the endpoints of at least one of <5i )2 must lie on ol\ or a>2- There are 
three possibilities: 

(i) The endpoints of both 8\p, lie on the same «i,2, say on a±; 

(ii) The endpoints of <5i 5 2 lie on different a\^\ 

(iii) The endpoints of one of <5i 5 2 lie outside the endpoints of 0:1,2- 
Suppose we are in (i) above: Notice that both the endpoints of the arc 8 

must also lie on a±. By Definition 3.7 we see that both of the endpoints of any 
arc parallel to 8 must also lie on a.\. There are two possibilities for the relative 
positions of <5i 5 2; namely 5\ fl 82 = or 81 C 82. Using Digression 3.9 we can see 
that in both cases we must have yi 7^ z ±x . 

If the last letter in c ±l was not z ±l then we are done. Suppose, now, that 
c = [d, z ±x ]. Then, A\ must be part of one of 8\p and one endpoint of one of <5i ; 2 
must be an endpoint of ol\. Moreover, observe that the last canceling pair in c can 
not be of type (I). By part a) this last canceling pair in c must be of type (II), and 
the only way that the last letter in d can be z ±x is to have d = [e, z ±x ] where the 
last canceling pair is of type (I) or (II). Now easy drawings, using Digression 3.9, 
will convince us that this is not possible. 

We now proceed with case (ii) above: Observe that the last letter in c can 
not be z ±x ; otherwise the endpoints of each of 8\ : 2 would be on the same ai )2 - We 
first form [c ±:L , z ±x \. The endpoints of the arc 8 representing [c ±:L , z ±x ] are now 
on the same cti,2, say on a±. Thus both of the endpoints of any arc parallel to 8 
must also lie on a±. Now we are in the situation of (i) above and the conclusion 
follows. 

Finally, assume we are in case (iii) above: Notice that both endpoints of the 
arc 8 representing [c ±:L , z ±x ] lie outside ai )2 . Thus 7^ z ±x or we are in the 
situation of (i) above. Using an argument similar to these of (i), (ii) we can see 
that we can't have the two last letters of c ±x being equal to z ±x . □ 
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In order to continue we need some notation and terminology. We will write 
W = [yi, j/2) 1/37 ••• 7 Um+i] to denote the simple (quasi-) commutator 

W = [...[[yi, y 2 ], y 3 ],...,y m+ i]. 

Let Ci, . . . , C m+ i be the sets of letters of Lemma 2.10, for W. Recall that for 
every i = 1, . . . , m + 1 the only letter appearing in Cj is yf 1 . 

Definition 3.13. We will say that the set Ci is bad if there is some j ^ i such 
that i) we have yj = yi = y, for some free generator y; and ii) the crossings on 
the y-hook, corresponding to a canceling pair {yj, yj 1 } in Cj, are separated by 
crossings in Ci. 

The problem with a bad Ci is that changing the crossings in Ci may not 
trivialize the arc 8 geometrically. 

For i = 2, . . . , m + 1, let Cj = [y±, . . . , y%-i\ and let be the parallel arcs 
representing cf 1 in [q, yi\. Let 8 = 8 \ (Si U #2). We will say that the canceling 
pair {yi, y~ x } is admissible if it is of type (I) or (II). 

Note: If W doesn't involve the generator of 71 corresponding to the hook of B then 
every canceling pair in W is admissible. 

Lemma 3.14. a) Let W = [yi, y2, 2/3, • • • , Vm+i] be a simple quasi-commutator 
represented by an arc 5 in good position and let z be a free generator. Also, let 
Ci, . . . , C m+ i be sets of letters as above. Suppose that Ci is bad and let {yj, y~ 1 } 
be a canceling pair in Cj, whose crossings on the z-hook are separated by crossings 
in Ci. Suppose, moreover, that the pair {yi, y~ 1 } is admissible. Then, with at 
most one exception, we have j = i — 1 or j = % + 1. 

b) Let w(z) be the number of the y^s in W that are equal to z ±x . There can be 



at most 



w(z) 



+ 1 bad sets involving z 



±1 



c)For every j = 2, . . . , m + 1, at least one of [yi, . . . , yj-i] and [yi, . . . , yj] is 
represented by a good arc. 

Proof, a) Let c = [yi, . . . , y^-i], let #1,2 be the parallel arcs representing c ±x in 
[c, y^ and let Si^ be the arcs of Definition 3.7. Let C z denote the canceling pair 
corresponding to yf 1 in [c, y^]. Moreover, let 8 = 8 \ (81 U #2) and let 8 C denote 
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the union of arcs in 5 such that i) each has one endpoint on Si and one on 62 and 
ii) they do not represent copies of c ±l in W. By Lemma 3.8, and Digression 3.9, 
it follows that 5 C = 0. 

Without loss of generality we may assume that j > i. Also, we may, and will, 
assume that y i+ i 7^ z ±l . 

First suppose that C z is of type (II): By Lemma 3.12(a), it follows that if 
one of 5i ; 2 has runned through the hook part of B then S fl Si^ = 0- Thus the 
possibility discussed in (a^) of Digression 3.9 doesn't occur. Now, by Lemma 3.8, 
it follows that in order for the crossings corresponding to C z to separate crossings 
corresponding to a later appearance of z ±x , we must have i) yj = z ±x realized 
by a canceling pair of type (II) and ii) the crossings on the z-hook corresponding 
to yj and yj 1 lie below (closer to endpoints of the hook) these representing yi 
and y~ . But a moment's thought, using 3.9 and the assumptions made above, 
will convince us that in order for this to happen we must have S c 7^ 0; which is 
impossible. 

Suppose C z is of type (I): Up to symmetries, the configuration for the arc 5, 
representing [c, yi], is indicated in Figure 10(b). The details in this case are similar 
to the previous case except that now the two crossings corresponding to {yi, y~ 1 } 
occur on the same side of the z-hook and we have the following possibility: Suppose 
that c does not contain any type (II) canceling pairs in z. Then, we may have 
a type (II) canceling pair {yj, yf 1 }, for some j > i, such that the crossings 
in C z separate crossings corresponding yj and 5 C = 0. This corresponds to the 
exceptional case mentioned in the statement of the lemma. In this case, the arc 
representing [yi, . . . , y^, . . . , yj] can be seen to be a good arc. 
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Figure 11. Both the endpoints of the arc can be further hooked with the Z-hook 
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An example of an arc where this exceptional case is realized is shown in Figure 
11. Here we have i = 1. Notice that both endpoints of the arc shown here can be 
hooked with the z-hook. Thus we can form [yi, y, y _1 , . . . , y j7 . . .], where y\ = z, 
yj = z ±x and the crossings corresponding to {yj, yj 1 } occur on different endpoints 
of the z-hook. 

b) It follows immediately from part a) and 3.12(b). 

c) Let d = [yi, ... and suppose yj = y ±:L , for some free generator. Then 
[yi, ...,yj] = [d, y ±1 ]. 

Let 5i be the arc representing [d, y^ 1 ]. A moment's thought will convince us 
that in order for S± to be bad the following must be true: i) The arc 5^ of Lemma 
3.10 must intersect the y-hook precisely once; and ii) crossings on the y-hook, 
corresponding to some appearance of y ±:L in d, must separate the crossings corre- 
sponding to the canceling pair {y J7 y" 1 }- In particular, y^ 1 must have appeared 
in d at least once. Moreover it follows from Lemma 3.8 that, for any commutator 
c, in order to be able to form [[c, y ±:L ], y ±:L ], [c, y^ 1 ] must be represented by a 
good arc. Thus we may assume that d satisfies the following: at least one of the 
yis is equal to y ±x ; and yj-i ^ y ±x . 

Case 1: Suppose that the arc 5\ representing [d, yj] doesn't run through the hook 
of the band B; in particular 5i is embedded. Then, any canceling pair in d is 
admissible. ^From our assumption above, the only remaining possibility is when 
{VjiUj 1 } corresponds to the exceptional case of part a). As already said in the 
proof of a), in this case 5± is good. 

Case 2: Suppose that 5\ runs through the hook of B. Then, 

[d, Vj] = [e, y r , ■ --,yj-i, yj], 

where i) {y r , y^ 1 } is the special canceling pair, and S\ runs through the hook at 
this stage and ii) e = [yi, . . . ,y r -i] is a simple (quasi-)commutator. 

Notice that all the canceling pairs corresponding to yu with k ^ r are ad- 
missible, by definition. Let xq be the free generator corresponding to the band 
containing 5. By Lemma 3.8, we see that either y r = Xq 1 or the arc representing 
[d, yj] is embedded. In the later case, it follows by Lemma 3.12 a), that 5i is 
embedded and the result follows as in Case 1. If y r = Xq 1 , then all the sub-arcs 
of 5\ representing e or e _1 are embedded; a moment's thought will convince us 
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that are good arcs. Thus if j = r, the conclusion of the lemma follows. Suppose 
j > r. By 3.12 a) we have j/j 7^ x^ 1 , for all i > r. In particular, y 7^ Xq 1 . Now 
the conclusion follows as in Case 1. □ 

Before we are ready to state and prove the result about good arcs promised 
in the beginning of 3c, we need some more notation and terminology. 

Let c = [y 1 , y 2 , . . . , y n _ u y n ] and let C = {C u C 2 , . . . , C n _i, C n } the sets 
of letters of Lemma 2.10. We will denote by ||<5|| the cardinality of the maximal 
subset of C that trivializes S geometrically; that is S is | j <5 1 1 -nice (see Definition 
3.4). We will denote by s(c) the number of bad sets in C. For a quasi-commutator 
c, we will define s(c) = s(c) where c is the commutator underlying c. 

Finally, for n G N, let t(n) be the quotient of the division of n by four, and 
let q(n) be the quotient of division by six. 

Lemma 3.15. Suppose that S, B, 7 and 5 are as in the statement of Proposition 
3.3, and that Si is a good subarc of S representing a simple quasi-commutator c\, 
of length m + 1 . 

a) If Si is embedded then Si is an t(m+ l)-nice arc. 

b) If Si is non embedded then Si is an q(m + l)-nice arc. 

Proof, a) Inductively we will show that 

\\Si\\ > m+ 1 - s(ci) (1) 

Before we go on with the proof of (1), let us show that it implies that Si is t(m)- 
nice. 

For a fixed free generator y, let w(y) be the number of appearances of y 
in ci and let s y (ci) be the number of bad sets in y. By Lemma 3.14 a), with 
one exception, a set Ci corresponding to y can become bad only by a successive 
appearance of y. By Lemma 3.12, no letter can appear in ci more than two 
successive times. A simple counting will convince us that 

w{y) 4 
sf(ci) " 3' 

and that the maximum number of bad sets in a word is realized when each gen- 
erator involved appears exactly four times, three of which are bad. Thus we have 
s(ci) < m + 1 — t(m + 1) and by (1) we see that ||5i|| > t(m + 1), as desired. 
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We now begin the proof of (1), by induction on m. For m = 1, we know that 
all (embedded) arcs representing a simple 2-commutator are nice and thus (1) is 
true. Assume that m > 2 and (inductively) that for every good arc representing 
a commutator of length < m, (1) is satisfied. Now suppose that 

Cl = [[c, z* 1 ], y ±1 ] 

where c is a simple commutator of length m — 1, and 2, y are free generators. 

Let 5i j2 (resp. #1,2,3,4) denote the subarcs of 81 representing [c ±x , z^^ 1 
(resp. c ±:L ). 

Case 1. The arcs #1,2 are good. By induction we have 

\\S~i, 2II >m - s(c), (2) 

where c = [c, z ±x ]. Since <5i is good, a set of crossings that trivializes 8\ )2 can fail 
to work for 81 only if it becomes a bad set in c\. Moreover, the set of crossings 
corresponding to the last canceling pair {y ±l , y Tl } of ci, also trivializes 5i geo- 
metrically. By 3.14a) forming c\ from [c, z ±:L ] can create at most two bad sets, 
each involving y ±x . Thus we have s(c) < s(ci) < s(c) + 2. Combining all these 
with (2), we obtain 

INI > ||5i,2|| + 1 - 2 > m + l - s(c) - 2 > m+ 1 - s(ci), 
which completes the induction step in this case. 

Case 2. Suppose that 8\^ are not good arcs. Let us use 9 to denote any of #1,2,3,4- 
Suppose that c = [c 2 , x], and thus c\ = [[[c 2 , x], z ±:L ] y ±:L ]]- By Lemma 3.14(c), 9 
is a good arc and by induction 

\\9\\>m-l-s(c). (3) 

First suppose that y 7^ z ±x . Because 81^ are not good we can't claim that 
the pair {z ±:L , z^ 1 } trivializes 81,2 geometrically; however it will work for 8±. 
Moreover, the set of crossings corresponding the last canceling pair {y ±:L , y^ 1 } 
of Ci, also trivializes S\ geometrically. Notice that the only sets of crossings that 
work for 9 but could fail for 81 are these involving z^ 1 or y^ 1 that correspond to 
bad pairs in Si. We see that 

s(c) < s(ci) < s(c) +4. 
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Combining all these with (3), we obtain 

IN| > ||£|| + 2-4>m+l-s(ci), 

which completes the induction step in this case. 

Now suppose that y = z. In this case we can see that s(c) < s(ci) < s(c) + 2 
and that at least one of the two last canceling pairs c\ will trivialize 5\ geometri- 
cally. These together with (3) imply (1). This finishes the proof of part a) of our 
lemma. 

b) Let x denote the free generator of n corresponding to it. If c\ doesn't involve 
x at all, 5i has to be an embedded good arc and the conclusion follows from part 
a). So we may suppose that 5i involves xq. Now the crossings that correspond to 
appearances of xq in c\ may fail to trivialize the arc geometrically. 




Figure 12. Simple commutators occupying the entire band 

See, for example the arcs in Figure 12; in both cases crossings that realize 
the contributions of x fail to trivialize the band. As a result of this, we can only 
claim that 

||<*i|| > m + 1 - (s*(x ) + w(x )), (4) 
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where w(xq) denotes the number of appearances of x in c\ and s*(xq) is the number 
of the bad sets in generators different than xq. 

The proof of (4) is similar to that of (1) in part a). Now by Lemmas 3.12 and 

3.14 it follows that the word c\ that will realize the maximum number of bad sets 
has the following parity: 

[XQ, VliVl, X , Xq,..., y k , Vk, X , Xq, y\ , y\ , . . . , Vk, Vk], 

where y\, . . . ,yk are distinct and xq ^ yi. Moreover, three out of the four appear- 
ances of each j/j correspond to bad sets. Now the conclusion follows. □ 

Remark 3.15*. From the proof of Lemma 3.15 we see that if the arc 8\ realizes 
the maximum number of bad sets then q(m + 1) = k; the number of distinct 
generators, besides xq, involved in c\. In fact, a careful reading of the proof of 

3.15 will reveal that 



Nl > 



q{m + 1), if m < 6k 

m — 6k 



k + 



if m > 6k. 



Thus | |5i 1 1 > qs i: and Proposition 3.3 follows for bands representing a simple 
(quasi-) commutator. 

3d. Conflict sets and products of good arcs 

In this paragraph we study arcs that decompose into products of good arcs. 
The main result of the paragraph is Lemma 3.19, in which we show that an arc 8 
that is a product of good arcs is q^-nice. 

First, we need some more notation and terminology. Let S : B, 7 and 8 be as 
in the statement of Proposition 3.3, and let 5 be a subarc of 7 representing a word 
Wi in 7r^ m+1 ). Suppose that W\ = c\ . . .c s , is a product of quasi-commutators 
represented by arcs . . . , 8 a }, respectively. Also, for k = l,...s, let Ck = 
{C±, . . . , C( fe m+1 )} be the sets of crossings of Lemma 2.10 for 8^. Let C G 2 Cfe ; by 
assumption the set of letters in C trivialize W\ algebraically. For a proper subset 
V C {8\, . . . , 8 S } we will use C fl V (resp. C fl V) to denote the crossings in C 
that lie on arcs in V (resp. in V ). Here, V denotes the complement of V in the 
set {Si,...,6 8 } . 
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For every free generator, say y, we may have crossings on the y-hook, realizing 
letters in the word W\, that trivialize geometrically some of the subarcs 5; but 
fail to trivialize 5. To illustrate how this can happen, consider the arcs S\ and 62- 
Let C 1 and C 2 be sets of crossings, on the y-hook, along 5\ and 62, respectively. 
Suppose that C l trivializes 5i geometrically (i.e. it is a good set of crossings). 
Suppose, moreover, that there are crossings on 62 corresponding to a canceling 
pair {y^ 1 , y^ 1 } that doesn't belong in C 2 , and such that they are separated by 
crossings in C 1 . Then C 1 U C 2 may not trivialize 5\ U 62- With the situation 
described above in mind, we give the following definition. 

Definition 3.16. A set C of crossings on 5 is called a conflict set iff i) the letters 
in C trivialize W\ algebraically; ii) switching the crossings in C doesn't trivialize 
5 geometrically; and in) there exists a proper subset Vq C {Si, . . . , 5 S } such that 
C fl T>c trivializes geometrically the union of arcs in T>c and C fl T>c trivializes 
geometrically the union of arcs in T>c- 

Before we are ready to treat compositions of good arcs we need two auxiliary 
lemmas that describe the situations that create conflict sets. 

Lemma 3.17. For k = 1, . . . s, let dk be simple (quasi-) commutator represented 
by an arc 5k, and let {Cf , . . . , C( fc m+1 )} be sets of crossings as above. Moreover let 
[Vi 1 2/2 : 2/3 ) • • • > Vm+i] k e ^ e underlying commutator of tk- Suppose that for some 
i = 1, . . . , m + 1, y\ = y ±x for some free generator y, and that Ci = ^ s k=1 Cf , is a 
conflict set. Let be as in Definition 3.16. Then, there exist arcs 8 t G T>c i and 
S r E Vd such that the crossings on the y-hook corresponding to canceling pairs 
in y r - on S r , are separating by crossings corresponding to y\ on St- Here j 7^ i. 

Proof. It follows from Definitions 2.3, 3.4 and 3.16. □ 

With the notation as in Lemma 3.17, the set CJ will be called a conflict 
partner of Cj. 

12 12 12 12 

Lemma 3.18. Let = [V\ , IJ2 > 5 • • • > Vm+i] ^ e ^ e underlying commu- 
tators of quasi-commutators represented by arcs 5i )2 . Let C\ and C 2 be sets of 
letters in W± and W 2 respectively, corresponding to the same free generator y. 
Suppose that C 2 is a conflict partner of C\ . Then, with at most one exception, 
(1 ) either j = i + 1 (resp. j = i — l) and y\ — y 2 for k < i (resp. for k < i — 1 ); or 
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(2) the sets of free generators appearing in {y\, . . . , yj} (resp. {y\, . . . , yj}) and 
{yf +1 , • • • , (resp. {y] +1 , . . . , yf_i}), are disjoint. 

Proof. By 3.17, there must be crossings on the y-hook corresponding to canceling 
pairs in C|, that are separated by crossings in C\. Let C\ denote the canceling 
pair corresponding to y\ in [y\, y\, . . . , yj]. and let C2 denote the canceling 
pair corresponding to yf (resp. yf) in [yf, y|,...,yf] (resp. [yf, y|,---,2/|]) if 
j > z (resp. j < i). By Lemma 3.12(a), are of type (I) or (II). Let Dip 
be the finite disc corresponding to the canceling pair Cip, in Wi,2> respectively. 
Up to symmetry there are three cases to consider: i) Both Ci )2 are of type (I); 
ii) both Ci t 2 are of type (II); and iii) one of them is of type (I) and the other 
of type (II). In each case the result will follow using Digression 3.9 to study the 
components of -Di^H^i^, where 5\ } 2 denotes the complement in 5\ t 2 of the parallel 
arcs corresponding to Ci 5 2, respectively. The exceptional case will occur when the 
canceling pair C\ is of type (I) and crossings in it are a separated by a type (II) 
canceling pair on 82 ■ The details are similar to these in the proof part a) of Lemma 
3.14 □ 

To continue, recall the quantity q$ defined before the statement of Proposition 

3.3. 

Lemma 3.19. (Products of good arcs) Let S, B, 7 and 5 be as in the statement 
of Proposition 3.3, and letW = c\...c r be a word expressing 5 + as a product of 
simple quasi-commutators. Suppose that 5 is a subarc of 5, representing a subword 
of simple quasi-commutators W\ = c\ . . . c s , each of which is represented by a good 
arc. Then 5 is qg-nice. In particular ifW is a product of simple quasi-commutators 
represented by good arcs, Proposition 3.3 is true for 6. 

Proof. If s = 1 the conclusion follows from Lemma 3.15 and Remark 3.15*. Assume 
that s > 1. Let Si, . . . , S s be arcs representing c\ . . . c s , respectively. 

In general, we may have conflict sets of crossings between the Sj : s. Since con- 
flict sets occur between commutators that have common letters, we must partition 
the set {ci, . . . ,c s } into groups involving disjoint sets of generators and work with 
each group individually. The maximum number of conflicts will occur when all the 
Cj's belong in the same group. Since conflict sets are in one to one correspondence 
with proper subsets of {Si, . . . ,S S }, the maximum number of conflict sets, for a 
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fixed generator y, is 2 s — 2. 

Let x be the generator corresponding to the hook of B. ^From the proof 
of Lemma 3.15, Remark 3.15* and by Lemma 3.18 we can see that a word W, 
in which there are k distinct generators besides x^ 1 , will realize the maximum 
number of bad sets of crossings on the individual S^s and the maximum number 
of conflict sets, if the following are true: 

i) The length m + 1 is equal to 6k + r + 2k(2 s — 2), where r > 2; 

ii) each of the arcs 8i realizes the maximum number of bad sets and the maximum 

number of appearances of x^ 1 (i.e. 5k + ^) and there are k(2 s — 2) conflict sets 

between the S^s. Moreover, each pair of conflict partners in W correspond either 

to the exceptional case or in case (1) of Lemma 3.18. 

rr 1 

We claim, however, that there will be k + - + k(s — 2) sets of crossings 

- Zi - 

rr 1 

that trivialize 5 geometrically. From these k + - come from good sets on the 
5j's. The rest ks — 2k are obtained as follows: For a fixed y ^ Xq 1 , the crossings 
in the conflict sets involving y ±x and in their conflict partners can be partitioned 
into s — 2 disjoint sets that satisfy the definition of (s — 3)-triviality. To see that, 
create an s x (2 s — 2) matrix, say A, such that the (i, j) entry in A is the j-th 
appearance of y in q. The columns of A are in one to one correspondence with 
the conflict sets {Cj}, in y. By 3.18, and 3.12 there are at most 2s "exceptional" 
conflict partners shared among the Cj's. Other than that, the conflict partners of 
a column Ci will lie in exactly one of the adjacent columns. For s > 4 we have 
2 s — 2 > 4s and thus A has at least 2s columns that can only conflict with an 
adjacent column; these will give s > s — 2 sets as claimed above. For s = 2, 3 the 
conclusion is trivial. 

TYl -|- 1 — 4/t — V 

Now from i) we see that ks — 2k > log 2 ( )• Thus, 

r _ , .m + 1 — 4k. , .m + 1 — 6k. 
-+k(s-2)> log 2 ( ) > log 2 ( ), 

and the claim in the statement of the lemma follows. □ 



3e. The reduction to nice arcs 

Let S, B, 7 and 5 be as in the statement of Proposition 3.3. Our goal in this 
paragraph is to finish the proof of 3.3. We begin with the following lemma, which 
relates the g M -niceness of a subarc fx C 5 C 5 to the q^-niceness of 5. 
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Lemma 3.20. (Products of nice arcs) Let S, B, 7 and 5 be as in the statement 
of Proposition 3.3. Let 5 be a subarc of 5, representing a subword W\ = c\ . . . c s , 
where Ci is a product of simple quasi-commutators represented by an arc 6i. Sup- 
pose that 9i is qoi-nice, for i = 1, . . . , s. Then 5 is q^-nice. 

Proof. Once again we can have sets of crossings on 5 that trivialize Wi, and 
trivialize a subset of {6>i, . . . , S } geometrically but fail to trivialize S. For i = 
1, . . . , s, let rrii denote the number of simple quasi-commutators in q, and let T>i 
denote the set of subarcs of 5 representing them. We notice that the maximum 
number of conflict sets that we can have in W 1 , is k[2 (mi +- m ^ - 2] where k is the 
number of distinct generators, different than xq, appearing in W . Now we may 
proceed as in the proof of Lemma 3.19. □ 

To continue recall the notion of a quasi-nice arc (Definition 3.4). Our last 
lemma in this section shows that the notions of quasi-nice and g^-nice are equiva- 
lent. 

Lemma 3.21. A quasi-nice subarc 6 C 5 that represents a product W = c\ . . .c r 
of quasi-commutators, is qg-nice. 

Proof. Let 61, . . . ,5 r be the arc representing ci, . . . , c r , respectively. Let V a 
(resp. T>b) denote the set of all good (resp. not good) arcs in {Si, . . . , S r }. Also 
let n 9 (resp. rib) denote the cardinality of V g (resp. Vb). If nb = 0, the conclusion 
follows from Lemma 3.19. Otherwise let [i E Vb, be the first of the S^s not 
represented by a good arc. Suppose it represents c M = [c ±:L , y Tl ], where c ±x is 
a simple quasi-commutator of length m, and y a free generator. Let fx 1 ' 2 be the 
subarcs of \x representing c ±x . Since \x is not good, y must have appeared in c; 
thus the numbers of distinct gererators in the words representing \i and /j, 1 ' 2 are 
the same. We va see that q^i = q^ = q^. By 3.14, /z 1 ' 2 are good arcs and by 
3.15 they are </ M -nice. Let ft = d \ [i, and let fti^ denote the two components of 
ft. By induction and 3.20, fti is q^-nice. Since fx is not good, one of its endpoints 
lies inside the y-hook and the other outside. Moreover the arc fi* of Lemma 
3.10, separates crossings corresponding to canceling pairs on the y-hook. Now a 
moment's thought will convince us that at least one of fti^ must have crossings 
on the y-hook. A set of crossings that trivializes geometrically 61 = fi 1 U \i 2 and 
#2 = fii U ft2 will fail to trivialize 5 only if there are conflict sets between 61 and 
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#2- A counting argument shows that the maximum number of conflict sets that 
can be on 6 is k(2 r — 2), where k is the number of distinct generators, different 
than xq, in W. Now the conclusion follows as in the proof of 3.20. □ 

Proof of Proposition 3.3. It follows immediately from 3.21 and the fact thet the 
arc 5 in the statement of 3.3 is quasi-nice; see discussion at the end of 3b. □ 

Remark 3.22. a) Theorem 3.2 is not true if we don't impose any restrictions 
on the surface S of Definition 3.1. For example let K he a positive knot set 
n k = ki(S 3 \ K) and let Dk denote the untwisted Whitehead double of K. Let 
S be the standard genus one Seifert surface for D(K). Since ir^ = ttjP for any 
n > 2, we see that S has a half basis realized by a curve that if pushed in the 
complement of S lies in tt ^ , for all n > 2. On the other hand, D K doesn't have all 
its Vassiliev invariants trivial since it has non-trivial 2-variable Jones polynomial 
(see for example [Ru]). 

b) The methods of this section were applied in [K-L] to obtain relations be- 
tween finite type and Milnor invariants of links that are realized as plat-closures 
of pure braids. 

4. VASSILIEV INVARIANTS AS OBSTRUCTIONS TO n- SLICENESS 

Let S be a regular Seifert surface. In this section we show that the Vassiliev 
invariants of the knot K = dS are null-concordance obstructions of links that can 
be derived from regular spines of S. 

Let B 4 denote the 4-ball, and let L = L\ U . . . U L m be an m-component link 
in S 3 = dB A . We begin by recalling, from [Co] or [O], the definition of n-slice (or 
n-null-cobordant) . 

Definition 4.1. ( [Co], [O]) The link L is called n-slice if there exist m disjoint 
connected surfaces V = V\ U . . . U V m C B A , with dVi = Li and such that the 
following is true: For some trivialization of a tubular neighborhood of V in B 4 , 
which restricts to the standard trivialization of a tubular neighborhood of L in 
S 3 = dB 4 , the composition 

ni(Vi) — > ttv — > tvv/^v^ 
is trivial, for all i. Here, iry = Ki(B 4 \ V). 
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As was shown in [Co] and [O], n-slice is the geometric notion which is equiv- 
alent to the vanishing of Milnor's invariants. More precisely we have: 

Theorem 4.2. ( [Co], [O]) A link L = L x U . . . U L m is n-slice for all n G N if and 
only if all its Milnor invariants vanish. That is, the homomorphism F — > ttl, 
given by any choice of meridians of L, induces isomorphisms 

F / F (k) _^ n L /n L ^ 
for all k < n + 1 and all n G N. Here F is the free group of rank m, and 

1T L = 1T 1 (S 3 \L). 

To continue, let S be a regular Seifert surface of a knot K, and let E be a 
regular spine of S, consisting of curves 71, . . . , 7 9 , f3 g . Let 

e := (ei, . . . , e 2g ) 

where each is equal to + or — . Finally, let 

L e " =: 7l £l U PI 2 U . . . U ^ 

Clearly, L e is a link with 2(7-components. Let n = n 1 (S s \ S) and let ir^ = 
ni(S 3 \L e ). By assumption, n is is the free group of rank 2g. We will say that the 
spine E is admissible if the following is true: For some e as above, the longitudes 
of L l lie in n$ (for some n G N) if and only if 7^, G n^. The link L l will 

be called an admissible spine link for £. The theorem below shows the Vassiliev 
invariants of the boundary knot are obstructions of null-cobordance for the links 
L e ". 

Theorem 4.3. Let S be a regular Seifert surface of a knot K and suppose that 
L e is an admissible spine link for S. If the Milnor invariants of length < n + 1 
vanish for L £ then all the Vassiliev invariants of orders < l(n) vanish for K. 

Proof. It follows from the fact that if the Milnor invariant of length < n + 1 vanish 
for L e then its longitudes lie in 7r^ +1 ' ) ([M2]), our discussion above, and Theorem 
3.2. □ 
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It was conjectured (see [Co]) that a link L is n-slice for some n E N if and 
only if Milnor's invariants with length less or equal to 2n vanish. For the proof 
of one direction of this conjecture (namely, that n-slice implies the vanishing of 
invariants of length < 2n) see [L2] . The proof of the other direction was given by 
Igusa and Orr ([I-O]). Thus we obtain. 

Corollary 4.4. If L e is n-slice then the Vassiliev invariants of orders < l(2n — 1) 
vanish for K. 

Remark 4.5. It is known (see [N-S] for relevant discussion) that for every n E 
N, and every non-slice knot K one can find slice (null-concordant) knots whose 
Vassiliev invariants of orders < n are equal to these of K. It is interesting to 
compare Theorem 4.3 (or Corollary 4.4) with this fact. 

5. MORE TYPES OF n-TPJVIAL KNOTS 

Using the calculation of the Alexander polynomial via Seifert matrices one can 
see that the Alexander polynomial of an n-hyperbolic knot is trivial. On the other 
hand there are n-trivial knots with non-trivial Alexander polynomial. Our purpose 
in this section is to generalize the notion of n-hyperbolic so that we can include 
knots with non-trivial Alexander polynomial. The generalized notion is that of 
n-unknotted (see Definition 5.5). Roughly speaking, a knot is called n-unknotted 
if it bounds a Seifert surface whose complement looks, modulo certain terms of its 
fundamental group, "simple" (n-parabolic). We show that the existence of such a 
surface for a knot implies the vanishing of its Vassiliev invariants of orders < n. 
See Theorem 5.6. To complement the notions of n-hyperbolic and n-parabolic we 
also distinguish another special class of n-unknotted; namely that of n-elliptic. 
We will have more to say about each of these classes of knots and their relation 
with each other in §6. 

5a. Definitions 

We begin by introducing some notation and terminology needed to continue. 
Let K be a knot and let S be a genus g regular Seifert surface of K, in disc-band 
form. For a band A of S let 7^ and xa denote the core and the free generator of 
7T = ni(S 3 \ 5) corresponding to A, respectively. Also, for a set of bands A we will 
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denote by Qj± (resp. T>X) the normal subgroup of tt generated by {xa\ A G .4} 
(resp. {xa\ A G £4.}). Here CA. denotes the complement of A . 

We will say that two bands A, A' are geometrically related if there exists a 
sequence of bands 



A = A — > Ai — > . . . — > A r _i — > A 



r 



such that, for z = l,...,r, 7^4. or 7^ is geometrically linked to at least one 
of 7a , ••• , 7Ai_i- Otherwise A and A will be called geometrically unrelated. 
Moreover, we will say that two sets of bands A and B are geometrically unrelated 
if any two A G A and B G £> are geometrically unrelated. 

For a band A whose core 7,4 represents an element in 7r( m+1 ) let q 1A be the 
quantity defined in the beginning of §3. 

Definition 5.1. Let n G N, with n > 1. A regular Seifert surface S will be 
called n-elliptic, iff there exist two half bases A and B, represented by circles in a 
regular spine E, such that the following is true: The sets A and B are geometrically 
unrelated and for every A G A there exist B e B and tua, ms G N with q 1A +q lB = 
n + 1 and such that we have 

and 

[ib\ e 4 mB+1) 

The boundary of such a surface will be called an n-elliptic knot. 

Definition 5.2. Let n G N, with n > 1. A regular Seifert surface S will be 
called n-parabolic, iff there exist two half bases A and B, represented by circles in 
a regular spine S, such that the following is true: 

a) The sets A and B are geometrically unrelated. Moreover, any two subsets of A 
are geometrically unrelated. 

b) Let s = s(K,S) > 1 be the largest integer such that K can be unknotted in 
2 s — 1 distinct ways by untwisting along the bands in A. Ifn> s, for every B G B 
we have that 

where m G N, such that with q lB + s = n + 1. 
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The boundary of such a surface will be called an n-parabolic knot. The numbers 
s and t = n + 1 — s will be called the simplicity and triviality of K, respectively. 

Remark 5.3. Our terminology for regular surfaces, in Definitions 3.1, 5.1 and 5.2 
has been motivated by the forms of their Seifert matrices. To explain this, let S 
be a regular surface and let M be the matrix V + V T ', where V is a Seifert matrix 
of S. We see that if S is n-elliptic, then there exists a regular basis of H 1 (S), with 
respect to which M is of the form 

J ... 0" 
... J_ 

where 




1 

1 



Thus M is an elliptic matrix. 

If S is n-hyperbolic then M is congruent to a matrix of the form 

"0 P" 
P R 

for some g x g matrices P, R. Finally, if S is n-parabolic then M is congruent to 
a matrix of the form 

Dg D 

D T 

where D g and D are diagonal g x g matrices and T = 0ifn>>0. 
We have: 

Theorem 5.4. An n-elliptic or n-parabolic knot is n-trivial. 

Proof. In both cases the proof will be by induction on the genus of the Seifert 
surface, with the desired properties, 
a) First we assume that K is n-elliptic. 

If the genus of the surface in Definition 5.1 is zero, the conclusion follows 
trivially. Otherwise, let us concentrate on a pair of dual bands (A, B). We can 
assume that [7^] 7^ 1 and [7^] 7^ 1. 

Since by assumption the sets A and B are geometrically unlinked we may 
modify the projection of S so that Proposition 3.3 applies to both bands, si- 
multaneously. To see this, first we find a projection with respect to which the 
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requirements of Lemma 2.12 are satisfied for A. Let / be the horizontal line asso- 
ciated to this projection. Then, we start sliding the overcrossings of B that are 
below / (see Remark 2.5) till B is put in good position. At the end of the proce- 
dure, our projection will have the following property: Every crossing between A 
(resp. B) and any other band that occurs below / will be an undercrossing (resp. 
overcrossing) . 

These properties together with Proposition 3.3 guarantee the following: We 
have n+1 sets of crossings (C\, . . . , C g ( mA ) from A and C g ( mj4 )+i, • • • , C n +i from 
B) that unable us to write K, in V n , as a linear combination of 2 n+1 — 1 knots 
{Kc}, with the following property: each Kc is an n-elliptic knot that bounds an 
n-elliptic Seifert surface, of genus less than g. Thus the induction step applies, 
b) Now we suppose that K is n-parabolic. 

Let S be an n-parabolic Seifert surface for K, and let g, s and t be the genus, 
the simplicity and the triviality of S, respectively. By Definition 5.2 the twists 
along the bands in A provide us with s sets of crossings satisfying the definition 
of s — 1-trivial. These together with the t = n + 1 — s sets of crossings obtained 
by Proposition 3.3 for some B G B will allow us to write K, in V n , as a linear 
combination of 2 n+1 — 1 knots {Kc}, with the following property: each Kc is 
either the trivial knot, or an n-parabolic knot that bounds an n-parabolic surface, 
of genus less than g. Q 



5b. Mixed type knots 

Let the notation be as in the beginning of §5a and let (3 G for some 

set of bands A and m G N. Write (3 as a product, W\ . . . W s , of commutators in 
Q^ +l ^ and partition the set {Wi, . . .W s } into disjoint sets, say Wi, . . . Wt such 
that: i) k± + . . . + kt = I, where kj is the number of distinct generators involved 
in Wj and ii) for a ^ 6, the sets of generators appearing W a and Wb are disjoint. 
Let 

k = min{/ci, . . . , kt}. 



We define 



q(n+l), 



qp = 



k + 



. ,n + 1 - 6k. 
!og 2 ( g ) 



if n < 6k 
, if ri > 6k. 
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Before we can sate the main result in this section, which is a generalization of 
Theorems 3.2 and 5.4, we need the following: 

Definition 5.5. Let n E N, with n > 1. We will say that the knot K is n- 
unknotted iff it has a regular Seifert surface S, that contains two half bases A and 
B represented by circles in a regular spine E, such that the following are true: For 
every Ai E A there exists a Bi E B so that 

and 

where ^Ai G n, Ia { E Z, and (b, G Moreover, we have the following: 

a) There exist integers mi, . . . , m fl , such that G ^^j" 1 ^, and with g MA = 

for z = 1, . . . ,g. Here ifAi-i and Ai are as in Definition 3.1. 

b ) There exist rriAi 7 rnB x E N such that 

XAi e Q A 



and 



with Qxa x + Q XBi =n + l. 

c) For every A i} Bi as in a) , either \ Ai = XBi = 1 or xa x ^ 1 and xb x ^ 1 and 
either ( Bi = (xAi) lAi = 1 or (xAiY Ai ^ 1 and ( Bi ^ 1. Futhermore, XA t ^ 1 and 
XBi 7^ 1 if and only if ( Bi = fJ>A z = {x Ai ) lA ' = 1. 

dj All the( Bi 'slie in Qq + \ for some m E N with the following - property: Let Sc 
be the Seifert surface obtained by modifying S along a set of band crossings C, 
that trivializes all of the fiAi, XA t and XBi- Let s be the simplicity of d(Sc)- 
Then, q^ B + s = n + 1. 

Theorem 5.6. Assume that K, is n-unknotted, for some n E N. Then K is 
n-trivial. 

Proof. Assume that K and S are as in Definition 5.5 and let g be the genus of S. 
Suppose that S is in disc-band form and let Ai E A and Bi E B be a pair of bands 
of S whose cores correspond to 7^ and 7^, respectively. 
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We will say that the pair (Ai, Bj) is an essential pair if we have \Ai 7^ 1 and 

XBi ^ 1. 

Let a be the number of A^s with fiAi 7^ 1 and let e be the number of essential 
pairs of bands. Finally, let b be the number of the non-trivial (b^s- We define the 
following complexity function for (K, S) : 

d = d(K,S) = (fir, b, e, a). 

We order the complexities lexicographically, and proceed by induction on d. For 
d = (0, , , ) the conclusion is trivially true, since K is the unknot. 

Observe that if b = then , by Definition 5.5, either K is the unknot or it 
can be reduced to an n-elliptic of genus less than g; in both cases the conclusion 
of the theorem follows. Suppose, now, that b > 0. Notice that if e > then there 
is a pair of bands Ai, Bi such that [y%.] = Xa % and [7^ e ] = XB t - Then we can 
argue as in Theorem 5.4 a), to show that K is equivalent in V n to a summation of 
n-uknotted knots with strictly less complexity. Thus we may assume that e = 0. 
Part d) of Definition 5.5 and Proposition 3.3 guarantee the existence of n + 1 sets 
of crossings that can be used to show that K is equal, in V n , to an alternating 
summation of knots Kq such that, each Kq bounds n-unknotted surface that 
either has genus < g or it contains a band Ai such that [7^.] = \iAi £ n^ miJrl \ 
with q^ A = n + 1. In both cases, it follows by Proposition 3.3 that K is equal, in 
V n , to an alternating summation of knots Kq such that, each Kq is an n-unknotted 
with d{K c ) < d(K). □ 

6. DISCUSSION AND QUESTIONS 

In §3 and §5 we studied various classes of n-trivial knots. The following 
Lemma, whose proof follows directly from Definition 3.1, 5.1, 5.2 and 5.5, and the 
discussion following clarifies the relation between these three types. 

Lemma 6.1. a) Let K be a 2n-elliptic knot. Then K is n-hyperbolic. 

b) Let K be an n-parabolic knot with simplicity s, and assume that n > s + 1. 
Then K is (n — s — 1) -hyperbolic. 

c) Let K bne a 2n-unknotted knot and let s be the quantity defined in definition 
5.5. In 2n > s + 1 then K is (2n — s — l)-unknotted. 
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Let A K (t) denote the Alexander polynomial of a knot K. Using the represen- 
tation of Alexander polynomial via Seifert matrices (see, for example, [Ro]) one 
can see that A^(t) = 1 for any n-hyperbolic knot K. 




Figure 13. A 2-parabolic knot 



On the other hand in Figure 13 we show a 2-parabolic knot, with simplicity 
s = 2, that has nontrivial Alexander polynomial. Moreover we have: 

Proposition 6.2. For every n G N, there is an n-trivial knot K, whose Alexander 
polynomial is non trivial. 

Proof. For a knot K, let Ak denote its Alexander polynomial. By the Morton- 
Melvin expansion ([BN-G], [M-M]) for the Alexander polynomial we have 



A K (c») 



h _h 

e 2 — e 2 



where h is a variable and p(h) - 

Moreover, each v n (K) is a canonical invariant of orders n, determined by the 
colored Jones polynomial of K. Now the result follows from the fact that given a 
canonical (determined by its weight system) Vassiliev invariant v of order n + 1, 
there is an n-trivial knot K, such that v{K) ^ (see for example [N-S]). □ 



Thus the Alexander polynomial of an n-trivial knot obstructs to the knots 
being m-hyperbolic for any m G N. Now let us start with a knot K such that 
Ajf(t) = 1. This implies that K is algebraically slice; that is for any Seifert surface 
S we may find a basis of Hi(S) with respect to which the Seifert matrix of S is of 
the form 
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for some g x g matrices A, B and C. By a further change of basis of H 1 (S) 1 
and using the condition A K (t) = 1, we may change V to one of the forms that 
the linking matrix of a O-hyperbolic has. Thus, we see that K is "algebraically" 
O-hyperbolic. This suggests that the Alexander polynomial might be the only 
obstruction to m-hyperbolicity of n-trivial knots. We conjecture: 

Conjecture 6.3. A knot K is n-trivial for all n e N if and only if it is n-hyperbolic 
for all n G N. 

As already mentioned, the Alexander polynomial of a knot is determined by 
linking numbers of "spine links" of Seifert surfaces. In particular, if "enough" of 
these linking numbers vanish then all the derivatives of the Alexander polyno- 
mial vanish. Our Theorem 3.2 is a generalization of this fact. It asserts that if 
"enough" of the higher order linking numbers (certain values Fox's higher order 
free derivatives) of spines vanish then all the derivatives of all the Jones type poly- 
nomials, up to certain order, vanish. This in turn suggests that one might be able 
to express certain Vassiliev invariants of a knot K = dS, in terms of, appropri- 
ate values of, Fox derivatives of push offs of regular spines. For example, let S 
be a regular surface of K and let E be a regular spine of S, consisting of curves 
7l , ft, ... , lg , p g . Also, let 7l e \ (3\\ . . . , P 9 29 be as in §4 and le W{\ W{\ . . . , W? g ° 
be words representing them in the free group ni(S s \S). One can ask the following: 
Do the coefficients of the Magnus expansions of the W^ : s provide obstructions 
to the vanishing of all Vassiliev invariants of K1 This question is very important 
for Conjecture 6.3; in fact one needs to study "modified" finite type invariants of 
triples (K, S, E), in terms Fox derivatives of push offs of the spine E. We will 
address this question in a subsequent preprint. 

It would be interesting to know to what extent our notion of n-unknotted 
captures the vanishing of Vassiliev's invariants of bounded orders. We ask the 
following: 

Question 6.4. Is it true that all the Vassiliev invariants of orders < n of a knot 
K vanish, if and only if it is k-unknotted for some k = k(n)? Here k = k(n) has 
to be an increasing function of n. 

Remark 6.5. A knot is called n-adjacent to the unknot if it is n-trivial and 
each set of crossings in the definition of n-triviality has cardinality one. The 
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first named author of this paper and N. Askitas have proved Conjecture 6.3 for 
n-adjacent knots. ([A-K]). 



REFERENCES 

E. Kalfagianni and N. Askitas: On n-adjacent knots, preprint in preparation. 
J. S. Birman: New points of view in knot theory, Bull, of AMS, 28(1993), 
253-287. 

D. Bar-Natan: On the Vassiliev knot invariants, Topology, 34(1995), 423-472. 
D. Bar-Natan: Vassiliev homotopy string link invariants, J. of Knot Theory 
and Ramifications, 4(1995), 13-32. 

D. Bar-Natan and S. Garoufalidis: On the Melvin-Morton-Rozansky conjec- 
ture, Invent. Math., 125(1996), 103-133. 

T. D. Cochran: Derivatives of Links: Milnor's Concordance Invariants and 
Massey's Products, Memoirs AMS, 84 (1990). 
J. Conant: Private communication. 

J. Conant: A knot bounding a grope of class n is n/2-trivial, UCSD preprint 
1999. 

M. N. Gusarov: On n-equivalence of knots and invariants of finite degree, in 
Topology of Manifolds and Varieties, 173-192, Adv. Soviet Math., vol. 18, 
AMS, 1994. 

J. Hempel: 3-manifolds, Annals of Mathematics Studes, vol. 86, Princeton 
University Press, 1976. 

N. Habegger and G. Masbaum: The Kontsevich integral and Milnor's Invari- 
ants, preprint 1997. 

K. Igusa and K. Orr: Links, pictures and the homology of nilpotent groups, 
preprint, 1998. 

A. Karras, W. Magnus and D. Solitar: Combinatorial Group Theory, Pure 
and Appl. Math., vol. XIII, Interscience, NY, 1966. 

E. Kalfagianni and X.-S. Lin: Milnor and finite type invariants of plat- 
closures, Math. Reasearch Letters, to appear . 

X.-S. Lin: Power series expansions and invariants of links, in Geometric 
Topology, 184-202, AMS/IP Studies in Advanced Mathematics, vol. 2, 1996. 



53 



[L2] X.-S. Lin: Null k-cobordant links in S 3 , Comm. Math. Helv., 66(1991), 
333-339. 

[Mil] J. Milnor: Link groups, Annals of Math., 2 (1954), 145-154. 

[Mi2] J. Milnor: Isotopy of links, in Algebraic Geometry and Topology, 280-386, 

Princeton University Press, 1957. 
[M-M] P. Melvin and H. Morton: The colored Jones function, Comm. Math. Phys., 

169(1995), 501-520. 

[N-S] K.-Y. Ng and T. Stanford: On Gussarov's groups of knots, Math. Proc. 
Camb. Phil. Soc., to appear. 
[O] K. Orr: Homotopy invariants of links, Invent. Math., 95(1989), 379-394. 
[Ro] D. Rolfsen: Knots and Links, Publish or Perish, 1976. 

[Ru] L. Rudolph: A congruence between link polynomials, Math. Proc. Camb. 

Phil. Soc, 107 (1990), 319-327. 
[Ya] M. Yamamoto: Knots and spatial embeddings of the complete graph on four 

vertices, Top. and Appl., 3(1990), 291-298. 

Department of Mathematics, Michigan State University, East Lansing, MI 48824 
E-mail address: kalfagia@math.msu.edu 

Department of Mathematics, University of California, Riverside, CA 92521 
E-mail address: xl@math.ucr.edu 



54 



